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NOTES ON USING T|)e CfUR^E ■ 



Getting Started • ' . j . •, . * 

It is difficult to convey to people the nature of the course and how 

■ . ■ ■ » ■ 'i 

the mathematics actually relates to classroom teaching. One of the most 
effective ways is to invite all teachers .who might possibly be interested to 
View one of the films and. inspect sample C;5|j|rse material . .^r'f 

• • • 

Teachers should have a taste of the mathematics, and. a taste of the 
matel'la^s of the course, before being asl<ed to decide whet^ter to tSike an 
institute, sliowing an excerpt from one of the films is one possibility. 
You may wal\^o have teachers do oife or two pages of problems from a written 
lesson, that relates to the fflm they saw. The Arithmetic Project will be' 
happy to recommend a film and written materials that might be suitable for 
your group's introduct ion 'to. the course. Cojrfrse materials which might be 
distributed as samples 1 ncl ude Maneuvers oh .Lattices, "Answers to Compion 
Questions About the Course," and possibly the first written lessoo: 

: ; / ; ■■ ■ , ■ - ■-. .. ■ . ^ •••• 

If you wish, the initial meetin| may be considered the first session 
of the course. (Shov^/ the first course film.) Teachers can try the institute 
for a few weel<s before deciding finally whether tq tal<e it. They should do 
the written Wessons as long as' they are cons ider ing 'tal<i ng the course. 
("Audfting" without doing the lessons never wor'l^s; in a f ew Veel^s a person 
who Is not wd^king the' lessons can no longer follow the discussions and al- 
most inevitably drops out, Besides-much of the fun, as wel 1 as the sub- , 
stance", Is In the wri ttiemMessons. ) > 



(Notes o,n Usi'ng the Course) * . ♦ . 

■ ■ ■ ^ - - ■ ' " . . • . . ■ 

'.'>■■■ ■ . -f ■ ■ 

• ■. . „ ■ . * 

♦ * ' ■ 0 *. 

Rele^s^d >t ime or salary Increment qred its— ^whatever V% available . to 

— — • « i."' 

you for I n-serv'ice courses— wi 1 1 ensure that' teachers know that the course 
will "make substantial demands on them. < School systems have given two to 
four in^Jservice credits to^teachers who have taken th^ ^urse. / -^^^ 

. Things You Will Need ' V- ' • 

« * 

For your initial meeting, ancf for giving, the course > you wi 1 1 need an 

attractive, quiet room with good acoustics^ and 'a 1 6mm projector in good * 

cond^ition with a separate loudspeaker. * 

The room should be amply equipped wi th blackboards , so that discussion 
'le,aders have space to writfe problems 'and solutions, and so.*that participants 

• » ■ 

can write their problem sequences. ' ^ 

• . 

, For ease, in viewing films it should be possible to darken the robm 
almost totally. 



Projection equipment should be of good quality, with a sound system of 
adequate •'power for your room. The loudspeaker should be near . the •sx:reen / 

A. quiet room is important for \:omf or table discussions as well as* for 
film projection. Avoid rooms with noisy a i c cond i t'loners. or blowers. 
Carpeting makes a good acoustical treatment. Tables or desks are useful for 
notebooks, coffee cups, and other paraphernalia, but th^y are not .essential. 

> . # ; . . 

Finding Personnel to^Conduct an Institute '/ ■ ^ 

' The course Is designed to be conducted by elementary; teaching per- 

sonnePwho have a betjj||r--than-average background In mathem^atlcs and who a*e 

. V, ■■ 

Intefesti^d In helping others improve th^elr mathematics teaching. 



V (Notes on Using the C«urse)' 

Whoever you choose to conduct the jnst I tute should'actlvelyshare with 
participating teachers the process of learnlng^-and learning to teach— .the 
material s. . ' , , .j^ 



Thus, each discussion leader and corrector should have a class of 
stu'dents with whom to try out' the new materials In the classroom. • 

To /ind interested teachers who might serve as- leaders, before or 
during your initial meeting ask- people to contact you If they might like to, 
help give the institute. (Your reqyest will generate additional interest In. 
the Ins t I tute , ) * . ' 

< ■ 

■ Participants in earlier institutes are ideal as leaders of an Institute 

■ ' ' ^ ■ ■ • • 

Howo,ver, previous experience with Project ideas i s not essential,, nor Is any " 
"modern" math 'course a , prerequi s I te. (Most of the course is abpyt new things 
to do with "old math," and the course materials provide ample gu Idance for . ' 
anyone willing to study them.) * * - 

Planning the Institute Sessions _ 

Each meeting. of the course shoul d Jast for I 1/2 to 2 hours to give 
time for viewing the film, discussing it,' and discussing the'T^rltten work an^ 



teachers' classroom ixperiences. 



Different orders of events are possible. 

. . ■ * • ' 

You jnaV want to discus^ the written lessons at the beginning of a 

session, since teachers will have quest ions about problems fresh In their 

,mlnds,\ Then view the film and discuss that, ' " * . ' 




(NoCes on Using the Course) ,. , - <, 

■■ ■■■■ ' . ' , . 

, '.. ■ 

Another gQo3 possibriity; vjew* the „f I Im 'f i.r.§t aod di sctisis it; tijen * 
divide i n to; smaller grof4pS| perhaps, by grade leveV, to . discuss the 'written 
"NJe^^ adaptations bf materials. • * (\. 

: . ■ ■ ^ ■ 

VI V^^^olDfurth'er suggestion?. ^ 

■ ■. ■ V- ■ ■ " ",. \. 

Try ' to^^have severaK teachers in ea-ch school tal<e the course^t the 
' same . t.i.fne So that theyj^can ^hare their exper i ences^ and help each other wh6n 
.necfes^ry,.- ^ , ' • . ■. ^ . . 

c • . ,,\,lt?3l'so helps if. correctors cgn work together or conveniently he in 

, " • ■ . ' ' >« • ■■ ■' 

to^Mch^wi'th one. another. ^ , ' ' ^' 

'>■•.■.:•.■■' ' ' ■ • « . 

Ttijngs You' Can Discuss at the .Initial Meetin g 

' The course is demanding, but it should mal<e .every participant able to 
bt^lfig about a substantial change, jn his classroom teaching*»of mathematics.V. 

^ ■ ■ ■ ■■ ■ ' V ' 

, While taking the course, most teachers should plan to s-pend up to twO" 
hours a weel< on the written lessons, occasional ly a little more. ' 

• The Insti tute should be both worl< and fun* There are/strictly 

* • * 

opt iona 1 starred problems iri the wr itten lessons, just for those who want art 
extra challenge. ^ *. ' * 

, . \ 

Your teachers should be given every encouragement to try the Ideas 
they are learning with their classes, . • ' 




/Teachers should be grged to help each other solve problems, plan 

lessons, observe each.other In theclassroom, and share successful ex- 

« ' • • • ' • 

perTenc^SVthat they have had.. ^ ^ 



.„ " ' * • :!. . ^ • . , * (Notes on Using t>ie Co.urse) 

• ■ ■ ' o, ■ . ■ .• ■>■ . 

. •■ ■ . - ■ . ■■ w ■ . ■ I • ■ ; - 

^^HQi'e are, two possible schedules for your institute sessions: V 

, ■■ • ■ ' ' ' ■ "' ■ ■■ ^ .■• 

oDIscuss' wri tten lesson .to be 

handed In - -.- - - - - - 15 to 25 minutes • 

■.. ■ . ' ■ ^ ' . . 

Ijvtroduce film ...... 4 . .... . , 2 minutes, 

• • . ..View film ---- ~- t - ^ 25 to f»5 mlnHtes 

' Discuss film - . . 1 q to 15 minutes 

I ' ' ' 

'• Return corrected lesson, discuss It -. - - - - - . 10 to 15 minutes 

• (Possibly sub-divi'de by grade level for small • / 
group discussion.) ' V^"^ * 

' . -^ . ■ ■ ■ '■' . . ■ ■ ' 

Talk further about paVt-icipj^nts' experiences, 

lesson plans, problem sequences -------- 0 to 20 minutes 

'--^^ ^ • ■ ' 

Introduce film - - - - - - - - - - - - - 2 minutes . 

View fLjm - - - - - - - - 25 to^5 minutes 

Discuss film IQ to 15^ minutes 

Discuss written lesson to be « , , 

handed i n ------------ ^- - - _ ^| 5 to' 25 mi nutes ' 

- V . • f ' ' . \ , - ^ ■ 

.Return corrected lesson, discuss it - - - ^ - - - 10 tp 15 minutes 
^ (Possibly sub-di VI dQ by grade level for sm^ll ' 

group discussion.) ■ . ' . 

Talk further about part ici pants '. exper iences ,- 

lesson plafn^T-probl em sequences- J- - - - - - - 0 to 20 minutes 



(Notes on Using the Coursie) ' 



I ntroducl ng the f i Tm 



You nered say only §. few words --.t he ^nade 
and background of the class as giyeri'In 
thej^isciission, notes are usually 
sufficient, ' 



Discussion of written 
'lesson bajng'fianded in 



Since this is a t ime when partici pants'!^ 
Interest 'in finding the answers iS very' 
high, discuss fully every problem tinyone/' 
ask5 about, ' ' . 

Let each person keep and write on his 
lesson* (If you wish to keep track of 
the answers written during the^ session, 
distribute green pencils for use duringf 
^the discussion.) Full d i.scuss ion not 
only helps people f jnd out about the 
mathematics (which is what you want), it. 
also savg^ work for^the correctors. 



Discussion about the film 



^Discussiorl about the corrected 
bei/n 



lesson bei/ng retujned 



This may be short or long depending on the 
film and how far along In the .'tour se you " 
are. The film discussion note^ frequently 
suggest questions about the class that was 
seep, as well as addltiorraKwork related 
to Ithe f ilm* 



r 



Here is the chance for participants to 
explain questions many people missed, as; 
found by the correctors, and for those 
who got unusua r solut ions ;to explain them. 
Questions about corr'ectors' comments may 
a 1 so cqme up. 



Further discussion of 
part i ci p'ants ' exper i ences, 
lesspn plans, and problem 
.sequences ^ . ' » 



ClassroomNexper i^fices, general questions 
about mathematic^V generating and evaljjr 
atlng problem sequences are all releyant 
here. You will f ind^many ideas in the 
discussion notes and Corrector's Guides, 
and others will occur Xo you as t;he course 
proceeds. ■ > 



Rir 



■i 



r 



fNTRODji^TION TO THE DISCUSSION NOTES 

Ypu maY. expecj^'the discuss ions wh ich, ybu' wi 1 1 be 1 ejd i ng in th'is , \ ^ ' ' 

course to center around the films, the written. 'iessons^^he supplements, . • X 

and qgest.ions j:hat come up as teachers begin to try course ijiaterials in ^ ■.' 
th^ir own' classrooms. Because the cours^ is designed to be useful Without. ' 
expert- mathenjaticai. guidance, the discussions are of particular importance 
they enable the whole groyp to prof it -frpm the knowledge, of those who have 

' ■ ■ .y - ■. . :/ ■ .■■ . " ■ ■ .. . 

tiad' niore -experience' wi th mathemat|.cs /-'and from the i ntui tion of those wi th 
special aptitude for the materJaT. Any r'easonably s i.zed group. wi1 1 possess a ' 

' • . . . ^ - ' * ■ ■ ' ■ - 

. diversity of ^acl<grounds and talents. Exploiting this diversity for .the - ' 
^bepeflt of^,«^rypne is the discussion leader's T:asl<. It is not a^easy one, 
^ but it, -can be exciting and ^t^wardin^. ' 4f ' • 

• The npfes in this guide deal wi th each film and each-written lesson ' 

■ ' ' ,^ ' ■ . ^ ■ ■ ■ ■ . 

• in the course.' They are based ofi questions that have come up I'n previous 

y\ ♦* . ■ ■ ^ . . I. ■ " . 

Institutes' using -these materials and on other mathemiat ical ifleas that have' ' 
^roved^ interest to t'eacHers. ' § * • * 

Many of the i;)6tes are In quest ion-and-answer form* It Is not our^ . ' ' 

intention -that tfie moderatpr read each question to the grcTup. call for ' 

ansv/ers/and then re^d. %hat the book says.*' / * 

' ^ . * ^ * ■ " . 

Jn many cases members of ypur 'group wi I I aA questions simi lar to ' 
- '■ ' \ ■ . ' ' ' . 

those jgiven, here. Of these, , many will 'be answerable by o\her members of ■ 

'.-r- \. ■ ' ■ ^ •■ ■ :^ , ■ ■ 

the group. , The Comments given in these notes will help you decide whgtlier " 

a question has been adequately discussed, In some cases, participants , ' ' • • < 

■ • ' • ' ■• ' ■ . ■ • ■ ' ■ ' ' i * - 

you/ Institute will give better^nswers thaq we haye given here » In other . -"^ 

^ ■ • ■ ' ■ • . I . 

r . ' ■ .. ' » \ , * * '; « ■ 

_ • 1. 



IX 



.(Intro'ductjon to "the D i scuss ion No|es) 




■ . cas^Ts, the arisweVs are-ti' malter of^ there l4 roorrt for d.iverslty 

• of viewpoints.. I n st i ;] 1 othpr cases the mathefnatlcs. involved def initely 
deteripJnes' which viewpoints arqksi^alsle and vyhlih rteed to bei corrected , }> ■ 
I; you .mo St:. use your own jiidgment:~'%,decfd i ng i ^ i t wi 1 1 be he^ptii^ to feaS 

port ion^ of this gu i;;^d?^to. a group. But bear Iji^mind that much reading aloud* 



VTVl Imply^ that these not e6 contain the onlV authoritative apswers and ways to 
v;':^- thl,nk -aboAJt a probl.^m, Npt only is this false,, but . also it v^i 1 1 Inh f b 1 1 jnany ' 

/ . ■ • V ■•. • ' : ^ ,v..^ • ■ 

/people In your' institute from dlscusslng^ the qy^esMorys; ' ^ 

-V ■ . ' ■ " ■ : ■ ' ■ . ' ^ \- 0- ' ^ " ■ ■ ^ ■ • ' ■ ' 

'^'r the discussion note^' as ;'onl y one'x>f many sources. of assls-r 
^J^^^^/|^nc^ Another impprtant souVq^ Is* the Correjctor ' Guides?^ 

Mli^^- r'^A^ x^^^^ of the correctors on the wee1<- by-week' work of the 

^^^Sl^i^'^'^^' ■ ' '. " ■ ■ ■ • '■ ' 

• .pa>'1t^|^ (Yet another source Is yoqKpwrl sense of what 1^ worth pursaing.) 

^^^PP, '^^^^^^^ hjeav.lly on these guides. You may disagree with parts ,of' 

P;**^; Yoli'' sh%fe^ Inttead, on the strengths of the members of your 

^■'^ ■rmgmg^' -''' you and to them/ ' . ^ I'.- 

f.:-- ''.f * / • • '^^V/ /tW. ■ 



,of ' them* 



,./mo,pe;,-iRf|. ■ 



rst thl n^gs^^jy^u should do I s to be siire*^you have a class 
Ppj^orjnal duties do not Include teaching regularly, you 

iij,.;;the" Irlstit'i^e to have a class 'ojf chiidren to work with 
if.i.four ti.mes 'a;week. The course will be Immensely 
l^^flfV genuinely sharing w.ith^the^ other participants the- ' 



4^ 



by to . j:each 'the ideas , tci ch 1 1 dren 



V .^y^^^ encounter in achieving lively and 

. ■ '-i|!|il^:ifeVt}t»?^^^^^^^ f sftfljih'-f t^^ thi ngs' as the compos I tl 

' -9'' l*^^^^* how iytfl l- I ts. ipenibflrs :kr^^^ the general att 1 1 



f re brouDht to .4he>^6bii 



on of the 

attitudes that. 

■ • <t 

I begin quickly to^plore 



unei 



,* . * * (Introduction to the 1)1 5cusslx>n Noties) 

.fertl le' qulst.lons and to, hetp each other probe the mathematics ai^d how to . ' 
*teiich • v. ■ ■ . ■■ 

_ ^ _ Many people, ^Owe\^er, are frightened by mathematics. 6thersimay * 
not vV^t be Convinced* that th©*y;.5jj|ould use some of the currlcy^lum Innovd'tloos 
^,trhey/ jiiave be^n J nt^ whaotf?ver reasons, you ,may .wel r:enc9yunter> 

;,a; group t+r^t, for*. all your effort*, continues to remai n; s 1 1 6nt and ' ./' ^ 

inerirfebuslastlc, »lf'so, keep In mind two obvious but often Ignored, rules. 

^ "*"•../" • . * ft 

Fjrjt , lllsten to what Is belwg said. If jf.his sounds t;6o ^.Impley 

" r ■ ^ r ' " ■ ■ 

recall how many discussions you have atterid^ed'' 1 n wh Iph nobody In charge 
..seemed toycate ^whether a queittQH had been sul tably answered or whether a 

.... ^ ..^..^ , . . 

commeny was germane, Some moderator's wi IJ listen superficial Ty for the 

■1*. ■ 8 _ . ' ' 

answerj^' In their prepared npt^s' and move on.as .,s<)6n as something similar Is * 
Other headers, wl 1 1 ^^c^helr best to get an argument started on any * 
^/vBoth approaches make clear a lack'of Interest In .vyhat Is 'actually 
belng'^aldX Neither Is llkel7 tq^ achieve a I sguss Ion t^hat clarifies 

question^, solves problems people want solved^ and brings out wor.thwhl le ' 

v * ...... 

new Ideas and viewpoint^, :^ ^ 

Second, do not talk too much: the fnore you talk/ the less the 
participants wlIK PoOb'tless It Is being ^*on stage'' that makes a moderator ^\ 
tend t<)^.tall< incessantly. The urge must be* resisted wl th al 1 yciur strength. 
Pp. not fill In the l^ng embarrassing silences with your own' voice., Dp, not 
be aff/ald of si lences ' Ftrst^of all, they are not as. long as they seem to 
yptf;, Secondly,, these silences wofl< foj- you: some-of the^lp^ople In the^ 
group may gain^t'he cogr.age to speak simply to relieve the pressure of the / 

■ • ' V ■ ■ „ ■ . ' ■ ' ' ■■' . ■ . - 

si lence. ' ' . • " 

. . • ; . ■ ; ■ ■', . ■ \ % ' , 

Watch carefully for little signs that sortieone Is considering putting ^. 
his hand up. Adul ts, yhl Ike children, frequently arp. jnhl bjted, about ralsl|p4fi^^ 



(Introductlpn to the Discussion Notes) ' ^ ' ■' ' ' ,« '*.. 

' ' ^ ■ ' ' ■• ■ f " ' ' ' " 

their hands, very high. (They may be afraid -they ' 1 1 . be cal led on,, or afraid 

they'wonlt be— or perhaps both,) If you wait long enoCigh, you' nfjay sefe a " , ^ 

■ " ' , ■ / * ^ ' ] 

timid index finger begin to sneak up by its owner's chin! ^ 

. Moving abound the room wi 1 1 help keiep you occupl ed >/h 1 1 e ^ou 
concert t rate, on being silent. In some cases, If you find yoursejfy near one 
or two people you know, you may find it helpfuTto start a Ipcal conversation. 
It" should 'be related to the question or subject to be considered. You may' 
then bring tKjs conversation 1 nto open discussion with some remark like, 
"Would you say that again f6r everyone?" "Can you explain that to the 
others?" (You shoul'fj ^no^f conti nue a local conversation long; either make 
the discussion publ'rc or terminate i t soon. ) . Some t imes a ret TcenTt group 
will become' more^fbal if the moderator, while addressing'a question to th|| 
whole group, concentrates on looking at two or three members at' eT t.ime. 

Y.OU will discover other useful techniques as you go along. Once you .. 
beCome .acqua i nted wi th t>he' group , you will come to" khow. individual s who are 

■ , • ' ■ ' * . • '. ■ ' 

likely tp help. 'Consult with the correctors to find who has given interesting 
answeifs to hard problems, and (preferably before the session) seek "out and 
ask these teachers if they would be wjlling to e>;p1ain to tIKe group what 
they did, , 

Many teachers who are perfectly at' ease '1n thel r .classrooms' are • / , . 
painfully shy .about talking to other , teachers on an Unfamiliar subject.'' 

^ t 

Do not be di6courage3 If ■ your early efforts to get people tal'king result only 
Vn a few nervous sentences.. Eventual iy, after a few tea*ctiers haVe .summoned 

the'courage to explain something, others will be less reticent, artd every- 

• ■ • . i. ' • . • 

one's courage will grow. «; 



As the,- InstI tute Proceeds 



(lntroductl9n to the Discussion Not«^s) - 



Once J discussion is r«al 1 y,'go i ng , the tasl< of the moderator is to 
help get Interesting .things said. Hert there are no formulas. These note 
- win give. you clues to/rui t£ul terr i tonles for exploration,' but your own . ' 
senstflvlty again must d«.termlne whether you, should encoyrage a conversation " 
to continue, cut it off,, change its direction (by adding a n6w thought, \ 
, perhapsO , or. postpone it for further discussion. ' 

• % * • . . 

t . ...♦■# 

Of course, a nice balanc^e is required between over-domination and 

■ . ** 

( laissez-faire. Any grpup resents being led from one pf^etermi ned question 
t^ another. A rambling discussion that goes from one'unf inished topic to 

. -^QJt,her .fru s tjiating,. And one which is domina ted by one, or two vociferous 

participants is not likely to be of much helfJ to others. ► s /^'V 

Because discussions cannot resolve many of the worries wh ich . tepachers 
have when starting the course, it 1*5 extremely valuable. If you can arrange 
It, to have teachers who have al^ady begun to teach Arithmetic Project, 
. topics s pea k^j;o your institute.'' It is -comforting to a group first plunging 
into the course to. meet someone who recently emerged Jrom the experience 

• * ^ ■ 

and who is enthusiastic about it and working with the Ideas in the classroom. 
If this person entered the course with Ht^e previous mathematical training, . 
so much the better for the morale of your group. You may /want to Invite the 
correctors of written lessons for your Institute to tal^about their teaching 
experiences. Beware, however, of an overemphasis on "staffs reports to the. 
. group. As soon as the participants themselves have things to say about their 

0 

own experiences, such comipents can often be more useful and more convincing. 




) 



NOTIS TO CORRECTORS 



ThoMghtful, considerate correcting' Is Important.,. It Kelps. - . 
partipipants profit from their mistakes. They liaarn more about' mathematics 
and ways to teach i t' effect ivaly. Your- caring makesi^tie whole Institute 
expedience a richer, more human' relat ionsh i (Incidentally, your own 
Insights Into teaching and mathematics will also benefit.) * . 

Before beginning to correct papers, take the trouble to work^ through 
the written' lesfson yourself. Use the Corrector's Guide to correct your 
work afterwards. Even though, you may have done the assignment previously^ 
yop w l/l 1 find ft valuable to be reminded how you fo.und many -of the Answers* 
Ik/ many. of the rest, of us, yow may be surprisedto. find that some of the 
blems again seem, quite difficult and that you make, some dlscpuraglng . 
errors. Be reassured, however: an Institute benefits when those who give 
it consider themsfelves partly to be taking I^^^^UoT^ long with the other 
participants. .Surprises lurk among the assignments, new things are to be 
found in the films, and new ideas and quest Ions wl 1 1 be raised' by 
participating teachers — and their students. ^ 



" ITow to help participants who are having trouble with computation; 

Having found an error, what does one do? Sometimes you vi 1 H want ^' 

simply^ to^ write the correct answer* Sometimes you will think ujy a question 

* - 

that will enarble the teacher to find the answer for himsf4f. You may be, 
able to write dowo the problem the teacher probably workdd. (likely 
possibilities are given In the Corrector's Guides.) .You may wish to 
restate directions If you think they have been misinterpreted. If you can 
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(Notes to Correctors) 



gwess at what stage in a so<)utl*oq the teacher went off the- track, you may 
explain and qorrpct that step, and then suggest, "Now try it again." j- 

Awi se •corr'^'fcfcQ;- is encouraging. If a person bogs down In the middle 

of 4 lesson,, tell him, "You were doing fine up to here." Th.^n explain a 

■ t ■ ■ ■ 

few problems where the d i ff icul ty began , and of fer to look at his paper agal 



If a teacher 1s just on the edge of understanding, there fs nolieed to "make 
mistakes hurt more than' they already do. If a teacher has '^"had\,t rouble in 
many places, It Is unquestionably important to find a page. well done and, 
' write on it, "Good." - . . 



How to comment on answers that require verbal explanations: 

You may yfTnd ^er^al answers whieh are vague, 11 logical , or only 
partially correct. Look for the best possible i nterpretat 1^,/^T^achers 
meeting these. Ideas for the first time often cannot express themselves well 
about them, just as children can't. The careful corrector emphasizes the 
correct Ideas and expands on them^ realizing that teachers whi) anticipate ' i 
children's approaches to problems will probabV'^ be able to teach more 
ef fectj vel y. . ^ \ * 



/ 



Many questions ask for hypothetical childre|n's responses, such as 
"How might a child describe a fast method for doing this problem?" 

•, I » . 

PractUal ly any answer tb this question Should be considered correct, str/ce 
it Is'hord to be sure of the capabi 1 1t les of a hypothetical child. Man] 
teachers, at least In the beginning oKthe course, will solve probldsms 

1* 

algebraically, while most children do not. To a teacher answering a * 
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(Notes to Corrfectors) 



"How might, a thild..." question with an algebra I.c method, yo,u might comment J 
■ ' • ■ \ ' ' ' ' ^ 

''Yes, a very clever child might say this, but can you think- of some method* 

that might be used more commonly by young children?'^ 

■ ■ y . ^ r . ^ ■ • . 

Hpw to respond to teachers' sequences of problems: ^ 

It is particularly difficult to/comment usefully on sequences of • ^ , 

. ' ■ [ 

problems written by teachers. What\y^rdst I ck' can be used for grading! 
difficulty,, pacing, var letyVWl a i r , inventiveness?/ The notion of presentina " 
an idea through a ser I^s^of^-protrlvems I-s a. subt Ife^ne. It does not corrte ^^1 at 
once. There is nc^ormula for doj^g it, and no general Instructions are ^really 
■of much help, ^^oreover ,| there • I s ialways the nagging chance that the corrector' 

suggesti.ons might not really be as good as the work baing criticized. 

. ' ^ ■ ■ • ■ . 

The real value in having teachers j|peg In early to wr 1 te* probl ems "is- that 
writing problems, even impfi^;rfeet one^, helps teacher's get started In their 
classes. Trying these .Ideas wl th their students IscrucIaMf teachers are 
to learn about them and,fearn effective ways to'teach them. 



~ " \ 

• . » ■ ■ V 

Checklist for Correctors 

Do the assignment yourself. 



* Rpmember that correct answers are to be found on the far right 
page of the guide. Answers In samples of tet^contaPn eripors. 

* Use erasable red pencil so th^t you can chafiji your mind when^ 
you decide the teacher was right after all... « 



(Notes toS^rrectors) 




* Do not write over , participants' worl< or text; it is difficult 
to -read afterwards. I f you need mOr? space for an explanation » 
use^a separate sheet' of paper and clip It^ti^the page in question. 

j^/f' everything^ on^^a^age ^Is correct^ you might, simply put a "C4' . 
,. or "Good" at the bottom. Make sure that there is some mar l< 
"on each page attempted to indicate that^yoUkave looked it over. < . 

'•f Write overall comments op th^ last page on which problems were - . . ' 
answered, or- inside the front coyer. .Dp rot write general comments on - 

fr^'of the bookle^, since they /nay be seen by other participants 
when they cal l ect theiT^returhecr worTO^^T^^f ~^ --^-.^w.- .^^ 

" Do not add parent,heses to an answer unless 'the answer is wrong ** 

vyi thout them. . . 

' ' ' • • ■ ' .. ■ 

* Ignore errors in spell Ing and grammar. If-a person consistently 
makes the same mathemat i c| 1. error throughout a. written lesson ^ 
comment on It only once. 



A Keep^equatlons separate. Expressions like the following are 
sometimes written by correctors (and others) to explain how an 
answer was reached: ' * • . • v 

6 +^7 -13 + 5-22 

*■ ■ . ' ^ 

Although ^he meaning is usually clear, the exprtes%lon is Incorrect, 
and should be written' as: 



wfmmmmmmmimmmmm 



(Notes to Correctqrs) 



7' ' • ' 

* Do not hiark urtattcfB[(pted starred, problems. Participants 

should feel that these problems "are real 1y opt loaal. 

They may want t6 try th^m later. I f a starre<j| problem has 

. * 

been a^ttempted but" the altswer is wrong, you may want to . \ 

' supply help. ^ " ; . * 

* ■ ■ ^ ^ \ . # 

. 0 . ■ . • ■ . 

Do not overpraise easy work. As the course progresses, 
exercise judgment as to what was difficult for a particular 
person. Some participants will become Increasingly sophist i 
cated about the work. 



Interesting 5/)lutlons~L o ' problems make -^ ood topics fo r 
d i scuss i onSi 



It Ts not necessary to^comftient on everything. . I f you are 

' ■ • ' ^- ■ ■ " . . 

In doubt about the appropriateness of a comment,' refrain f rom : 
making it. ." . . 

^ Try not to forget, as you correct papers, how it*felt when 
the ideas were new to you. Sometimes correc^orTHbecome 

, Impatient for Others to learn, forgettj^ig In thel r zeal how 
long they themselves spfent becoming familiar with the material. 
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First Session 
Written Lesson Discussion Notea 



Book 1 



. Here is how one l^oderator led a discussion of the first Written lesson. 



V • 



Moderator: 



Ar.e there questions tha/t you'd like to -bring up about the 
• written lesson? > / • . , , 

Participant A : Why do you need > for a jumping rd'e? Why can' t 

•: you just write 3X0? . /> 



9i.. 



, Participant B; 'l suppose that it' » ^helpful to. keep track^of where you started 
V a jump. Isn't this question discussed in' the comments at the 

. ' • end of the written lesson? . • 



Participant A: But ! still don' t understand. ' , 
Moderator writes □ > DXQ + 10 - ( 5 X □ ) , -on board. 

- •■ , .- ■ ■■■ •• — . 

Moderator: With this jumpiijg rule, where do you land if you start at 1 ? 

, ; ; • . ' . * 0. . ■ ■ 

Participant C : You go to 6 . ^ 

Moderator: Now start at 4 and use the rule. ' 

« • ■ ■ ■ . ■ ■ 

' Participant D: You also land at 6 . ' \ 

Moderator draws both jumps ; 




Participant A: I see. It' s the starting numbers that make the jumps different 



Moderator: 



Right Now consider this rule. 



Moderator (writing □ 7 ), Why do you suppose you -need the box and the 
V ' arrow here? ■ 




Participant E: It looks as if you' 11 always get 7 as a landing points Unless you 

jhave the starting points, you Wouldn' t be able to distinguish one 
jump from the other, wo\ild you?** 

Participant A : Yes, that' s what I just sai( 



id. 
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it,; 



4 



Participarit: VF : ♦ Is the aryow the same as an equa>sign ? 
Moderate) 



ing D'^ . > 3 X □ 4 ): Start at 5 and make a jump with 
this rule, • • • 



Participant F : You land at 1 1 
Moderator \vrites: ^ 5 j 



3 



■>/ 11 



Moderator: 



>!< 



This is read 5 goes to 11 or you start at 5 ypu land 
at 11 , Biat no one would claim that 6 - 11 , 



Participant F: So the arrow is not like an equal sign. 

Note to moderator: • _ _ — 

' - » • . „ 

Perhaps someone in your group Aj^ill recognize that jumping rules are exitmples 
of functions. The arrow is st^mdar^d mathematical notation indicating some sort of 
jump or transformation. Further on in. the course the teacl>,ers will receive Supple- 
mentary material on functions. ' After having worked with jumping rules for some 
time, they wil,l be ready to ap'preciate a more thorough explanation of functions a> 
well as some intertf& ting. examples of other types of functions, 



Moderator: 



Othe 



r 



estions? 



Participant C : For problem 19 on page 5, I tried some numbers and they worked. 

But how can you be sure that all numberg^ work? ' 

■ I .. ' • ' " . * . * " 

Moderator writes problem 19: 1 + (2 X □) + 2 = □ + 3 + D.^ r 



ERLC 



birticipant : 
Modefcktor: 
Participant B : 



Well, I figured that r . . . may I come to th^ board? 
Yes. ' A • 



1 rewrote the. expression on the left of the equal sign as. 

2 X □ + 1 + 2 • And the right side' may be wi:\itten as . 
n + □ + 3 • Now each side has 2 boxes^and a 3, so 
the expressions on ei^er side of the equal sign, though * 
written in a different form, apre really equivalent* There- 
fore any number you put in the boxes will wo irk. 



Of course 5 does not get up and walk ^ ^1, but this a oommon way of 
reading the expression.' *i' > 



I 



One of the. rribst frnitful discussion topi cf is question 4 on pa g.e 9 'of the fir$t 
written Reason which asks pa"icip^nts to writ^ rules whose' jumps always go to 
the left (to lower numbers). " ' •> . 

■ ■-. ■. ;■■ ■ ■ , ■ ■ . • ■ . •■; . 

•: Mah.y -rules suggested w.ill be inc9rrect but will ^ve some jumps to the left'. 
Itls usually interesting to pursue this in discussion. If no one raises the question, 
,you might bring it up: "What a>out question 4 on page,9? -Does anyoae have a\ule 
>e can try? " - • . ' , * 



♦ I . • t 

A* rule- is written on the board. For example] 



■» ■ 



A ^ . * " 

' t * ■ 

Moderator: Does that do it? 

Participant A : It goes to the left. 
Moderator: Someone give me a starting pl^e. 

Participant B : 5. ^ » 

Moderator (writing 5 in the boxes).: Where do you land? . 

' ■ * * ^ . ' > \ ■ " 

Participant B : Minus 5? >^ ^ • 

♦ ■ . . ' ' ' 

Moderator: Does everyone ^gree? . O K , give another starting place. 

• ' " ■ r . y ' ' ' ' ■ ■ ■ . • . 

(The moderator collects and draws several jumps, getting starting and landing 
•points from the group. As long as no one suggests a negative number or 0 , h^ \ 
will only have jumps goi^g to the left. ) ^ ♦ " 

' ■ ■■ ■ '. 

Moderator: Well,'what abX)ut it? Have ^ye made '^ll the jumps we need in ord^r • 

. to be sure? \ >■' 

Participant C : '.What. about starting at 0? . ' 

Moderatcyr writes 0 in the boxes.* ■ • 

Participant /D : That stays o^ 0 , doesn' t It? • c ' . ' $ 

Moderator: 0 minus 0 mij;ms 0 4 s still 0 . ' [, ' . .'. 

Participant D : Yes. So that juhip doesn' t.go to the left. It doesn' t go anywhere. 

^Participant, E ; What happens ;f you start on a negative riumber? 

"1 ■ '■ ■ ■ ■ ., . • V- . 

Moderator: O. I^. , giv^ me*.one. ■ 



Participant; E (after a pause): , Negative 2 . 



Moderator (wrjlting -2 in ^acJh box): -Does anyone know/how to do this? (He writes • 

; ^ ^ • -l-2)> (-2) • ) .i. ^ " . . . • . 

j Participant E: There's something about this kind^ of thipg in the notes at the end 

• ~ of the lesson. . ' ' • ' - 

^ • •■ ■ . ■ ' 

\ • ^ . ^. . . : •^ • ' 

Whether using the notes in the lespon or relying on scJivieoiie in the group, the ; 

. modejratdr ^should compute and put on the bpard the correct 'answer to tfle probleiii, ^ 

which, in this case, is 2 There maybe some bewilderment in a typical g^rouip of .' 

teachers with respect to how. one performs such a computation, 'The moderator 

should assure the group that as the course proceed^^there will be more infer ma tipn " 

♦about computing with negative numbers. 



With such a* rule as □ 



-> □ -)fD the moderator might also ask, '-Doesl 

vrite this rule?'' He is 'looking for D — ~ □ i ? 



anyone know a simpler way to write this rule?'' He iS looking 

but may get such a suggestion as . □ — — > □ - ( 2 X □ ) , which is also the same rule. 

Many o^^the various incorrect rules which*are gi ven for this q uestion are like 
the preceding example in that they have jumps %o the left only when you start at positive 
numbers. The moderator may s'ay to the group that thig irf likeW to be the case, and . 
ask how many others may have such rules. Here arte some typical example's from 
other ins tittftes: - ^ ^ > ' 




(This is the ^same rule as □ ' ';> ' 0 , ) 



Some rules will have jumps tQ the left if, and only if, you fltart above som^ 

particular number, □ > □ 2 goes to the left providing you 

start above --^ . The exact point need not always be determined (later in the course 
people will learn how "to find Ijt). Any jump to the right disqualifteB the rule, " If the 
li^roup wants to find roughly where the transition pbint is, you can ask for or svtgg^st 
various 'starting points^and rtiake a table such als the foUawing: • 



■ Jumps with O' — □ - □ ~ 2 ' -. 

OTi in simpler form, □ > > ( -3 X □ ) - 2 

. ^ .. . . ■ ^' ■ . . ■' . • \ ^ 

Sta.rt Land . » Jump ^oes ^ . , 

10 ' ■ -32 ^ . Left ^ - ■ / ■ • ■ '^>,.k 
5 -17 Left 



•• ... •• • » • ' ■ ■ ;• ■ . ■ • . ; • • • •■■ 

By now you kiiow that the transitioii'is a oniewheT,^ between 0 and ~5 .. Narrowing 
it down further; . • v • .. * ! 

♦ . , ' ^ Sta rt Land 'Jump go^.g 

' ' ^ " , ^ Right . ^ , » 

"■"2 ■ "2" ' Neither rig*ht nor left 

Korother interesting rules that may b'e expected in response to this^question., 
see the CorA^ector.'.s Guide. \ " ' , '.■ ' • . 
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Film DlreTirato'h Nbtefr 



'♦A Fi|Bt Qla8:s With Number Line Rules and Lower Bracket^'* 



Preluninifry information; . < ' 

* You jvill see a fifth grade cUss from ttielQleason School in* Medford, 
MaasaC^aetty,' The \tudentb had never befori worked with Proj-ect materials, 
Thiy was their first meeting with the'teacher, iLee Osburm' Tke film was 
m'ade near the end of t'he school, year.. . [Film rihrmJ^g_^^ 33 min.] 
. • ' ...... 

■ Here is 'how one moderatfor fed a discussion after the' film. ' ' 



Moderator: 



Near the end of th^ filnc>, th.e .teacher wrote this problem: 



L 5 , .5 5 . 5 .5 5 J 



Do you. yecall some of the wrong answers that the students 
gave * . 




, Participant A: Six was a. popular answer . 



' Participant B: 
Participant C: 
Moderator: 
Participant D: 

Participivnt B: 
Moderator: 



So was . 

5 



I remember that two students gave 0 * - 

Where do ypu think these an'swers were coming from? 

Possibly some students saw 7 written six times, and 
thought 'tl|at the answer was 6 . 

I suppose that yoU could fix ^he problem s-o the answer 
wbvttd be 6 . *^ ^ 



How would you do that? 



Participant B writer 




- '11 ^11 




. . I I I = 6 



ERIC 



Participant C : In tbat.case, if you switched each. upper br^icket to a lower 

bracket, then you would get 0 for an answer? Perhaps the 



' ' I 2 I ^ 

stuclt'nta thpught that since | - J = 0 , then 

L "^ •5 , "*" 5 5 . J might also equa.l 0 



Participant E: Of all the wrong answer's, I think ^ was closest to the 

correct answer, since the s-tudents just forgot to use the 
\" lower bra c^6ts, • 

What else can you do with "brackets ? ' . ' » 

Are the brackets a made-up symbolT^r are they use.d 
in mathematics? 

Yes, brackets are used in mathematics. We will be see- 
ing .more of this topic later in the course . If you will save 
your questions for a few weeks, we can discuss them then. 
The topic of upper and lower brackets w^s included in this 
'^^"^ to give you a flavor of what Jies ahea^x Does^nyone 
have questions about jumping rules? 

Participant B: Whe?n the teacher wrote the fir'gt jumping rule on the boariJ, 

^*the arrow seemed to be very long. Why did he. do that? 



Participant'*!?^: 
P^ur.tic ipant O: % 

Mode rator: 



Moderator writes □ 



-> ^ X □ - 5 



Moderator: 



Students firs.t learning about jumping rules sometimes 
confuse th^ arrow with a plus, a minus, or an equa|l sign. 



Mod«e rator writes 



□ 



Moderator: 



Participant Aj 



When the te^-cher wrote this rule (using a relatively short 
arrow), the students did show some confusion. Tony,, for 
example, ^suggested 3 for a starting number, hoping to 
land on 9 , an odd numberi Clifford thought that if you 
started at 1 , you'd land at 3 . What were they probably 
thinking? Z^' , 

• ** 

I suppose they just added all the numbers. If you make 
the arrow longer, it seems to separate starting 
nurnber from the landing number. . 



Motl«rator: 



Yea, I agree Here's how some of the jumps looked for 
the r-ule 11 ' — ^ li X 11 - 5 ; 



■ I 



^ 1 !■ . 1 




Z 3 4 5 C 7 ? 7 // IX 13 \4^, (7 



Can you find any patterns to these jumps? 



Participant B: 



The Jumps are different lengths and they go in opposite 
directions. ' 



Participant 
Moderator: . 



I noticed that you have two jumps of one space, two^ jurtips 
of two spa,ces, but then only 6ne jump of four spaces. 

If the patteirn were pres^erv^, where should the jump 
tVom 1 land? . 



Participant .D: Woiild it be four spaces to the left of 1 ? 



Moderator; , 

Participant B; 

Moderator: 

Participant F\ 
Praticipant B : 

Participant A : 



Moderator; 



Yes', it would^ How long^o you predict the jump from 
13 will be? 

Eight spaces. Theh you'd have 16 spaces, 3Z spaces, 
and so on. The distance jus\ cfoubles, doesn't* it? 

Xet'S try it, Wher^ do you land whdih you put 13 into 
the rule? \ , 

21^ which is eight spaces from 13* 

• V' • . 

I figirtred out that starting 'at 21 , yoxi land at 37 , which 
is a. jump of 16 spaces, so I was right. « 

I noticed that,f6r*a wljile, the teacher always took jumps 
from the previous landing points^. Are ypu' allowed to 
start on other lumbers? Can you start on 10 , for 
example ?|^ ■ j p 

Yes, you certainly can. You can start on any numbpr 

on thi^line* Do you think you can land on any numbfer 

1 ^ 5 ' 

on.the line? Could you land on 11-r , or evjen on" 102-r- ? 
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Here are some other queationa about tne lUn i-y^ur 'gr.o Ui!) may b6>lftt6r68ted 
in diacuaaing. Do not feel compelled to "cover", them nor to provide all the 



ana we fa , 



r 



1. Why do you supi^oao tho teacljcr did not introduce negative numbers? , 



b'or the rule 



+ 11 , tho class was looking' for starting 



l)laceH so that they would land on an odd number. One child said, ^ 
"Kvery number with \ added to it.'* . Strictly speaking, this is not 
correct, since . L\ + \ would nqt work. WKat would you have done 
in your class ? . . ( 



a jumping rule so that when you start on any integer, 
you alvvays land on an odd num^ber. 



Try to make up a jumping rule so that if you start on any integer, 
you never land on a mtiltiple of 3 . , 



V 
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Second Session 

,1 

Written Lesson DlBtusalon Notes 



Moderator: 



Are there any questior\s on the lesson?. 



Participant T : I didn't know. how to^gti about question (j ) on page 4. ; The 

. \ rule is □ — > □ - 3 aiad the question is where can you 

start 90 that after' 5,000 jumps you land at zero? ' ^ 

" i • *. . K 

. \ ' ' • . , » 

< ■ f ' • . 

Moderator Nvrites^ Q 



Moderator: 



□ - 3 ■ 

" * 
, Where woidd you start to land at zero: 

after 1 jump? . - ' (3) 

after 2 jumps ? ^ ^ ( 6 ). 

after 5' jumps? ^ , 



V 



after 10 jumps ? 



after 100 jumps ?^ 



after 1,0.00 jtimps ? ^ 

after 5,000 jump^ ? 



Participant Z 



Participant L 



Moderator: 



Participant B 
Moderator: 



I was wondering about question 3 qn page 3. The rule is 
still 0 — > tn 3 . If you start at 10 you land at 7 • 
Sihce the jump has be6n to the Jeft, why don't you wit^ite 
-3 instead of 3 ? 

I decided that 3 spacSes is 3 spaces and that negative three, 
spaces does not make liense. So when asked for spfiic eg moved, 
I always gave a positive number. , ^ 

Y^u scre correct. Spaces moved asks only for how many spaces 
long the jump is# regardless of whether it is to. the right or to 



ig tne jump 
the left. 



Does anybody have a quick way to do question ' ( m ) on page^4-' 

Question (m) asks you to use the same rul^ and start at 
Yoif are to give three numbeii^esfl than 80^ on which you wil 
not land. ^ 



^Participant K : I tiRured out that each jump subtracts 3 so after 

* » *' > ■ . 

* * ^ 10 jun>ps you are at 120 

. 10 lumps you are at 90 ' .f' 



^ :^O^jun\ps you are at - 60 
31 jumps you are at 57 
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Since you. are starting at 1^50, which can be divided. by 3, and 
you are subtpacting ^3 each time, you will always land on a 
number divisible by 3 , . • 



Notes to moderator; i « 

m 

As part of this written lesson, teachers were to wi'ite a sequence of prxjblems 
on competing number line rules. Teachers generally Yind it helpful to se^ what 
other participants haye written.' Try to get a iew. volunteer s to put their. -Rroblems 
gn the board. The group can discuss the sequencing of ideas, alternative prob- 
lems, ;\nd possible pitfalls to avoid., Some teachers will be tempted to try their' 
sequences in the classroom. You m'i'ght ask the part/icipants to report later on 
the results, ' * 



Can you tell a priori the n.umber of tie points a pair of rules will have? If 
one or both of the rule^ involves CI X □ (and not □ X □ X □ or □ X Q X □ X 
etc, ) there may be zero, one two tie points^ Examples: 



f rx [• ) .+ 6 
loxri + 6, 



Two tie points: 0 and 10 



n xr i + 40 
10 X n + 15 



One tie p(|yit: 5 



(continued next page) 
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/ 



n XL) + z 



No tie points 



' "A 
1 'i» 



n 



n X 1.1 

'2 X □ 



- 100 



No tie points 



, .If one or both of the rules involves □ X □ X □ / (with nothing «iore corn- 

■ ' ^ ' ■ ■ ■■ ' "'^ 

pliCfited) there fire at most, three tie points. Example: ■» ' ' ^ 



» 

□■ 
.□ 



□ X □ X □ 



Three tie points: -1, 0, and 1 



The (fonnection between tie points of jumping "rule's and the ^anie equations 
of the first written lesson becomes clear if we observe that the rules 



and 



□ 

□ 



U.XU + 6 
lOXD + 6 



tie whenever the same starting number (same number in bgth boxes on the left 
of thd arrows) yields equal landing numbers. Thus numbers that work in.thip 
equation □ X □ + 6 = 10 X □ + 6 are tie points for the pair of rules, 
w^ince the equation involves □ X □ (but not □ X □ X □ or □ ><: □ X O X etc, ) 
at most t^yo numbers will wo^k — and so there are at most two tie points lor the 
rules* In fact, DXD + 6- = 10 XD + 6 has ex:actly two rootk, 0 and 
10, and so the rules tie at exactly two places— 0 and 10. ^ 

It should be mentioned that although a pair ol rules may in fact hax^e^f^o tie 
points, the tie points may be Very difficult to find. . ^ 



Film DiscuBsiorTNotes 
"Which lluiyWm g -l^^- 



/ 
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Preliminary infoymatioxi : , ' - 

. ■ . .. . / ■ ^ , , 

You will see a third grade class from the Cunniff School in Water town, 

Massachusetts. The teacher is Phyllis Klein.v The day before this clas^ the 

students had been introduced to jumping rules. The film was made in the middle 

... , / 

of "the school year. [Film running time: 30-min.] ' ^ 



4' 

Discussion after the film ; 

vFor each pair of rules in the«film 'thqre was one tie point; to the left of 

t;. 

the tie point one of the rules won ahd to the ri^ht of the tie point the other rule 
won. It is natural to ask if any other situations are possible. Here are three 
which are worthwhile discussing: ' , 

„ (a) Are there -tw-e- rules which never tie? That is, could we have a 

picture like (this? . . 



b • b 



b 



(b) Are there two rules which tie exactly twice, giving ti picture 
like this? .. / ' ^ ' > . ^ 

<_> . bbb.bt^aaaaa^bb.b 

— ^— 1- # ^— , 



. : ■ r) : ■ • • ■ 

(c) Are there two different rulers which always tie? 




w R R . 
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Prubably Btuveral uf the ItfacherB wlU Ixa alH^ Lu find two rulen which neve r tie, 

a 



Hint: Suppose rule a is □ 



O + 4 . Write rule b so that for 



ariy startirfg number, rule b always wins, 
Some possibilities for rule ,b are: 



n 



□ 



— > n..f 100 

or 

□ f 5 



or even 



10 



-Situation (b) is somewhat harder. If the participants get bogged down here, 
you could either le4: them think about it for awhile or** suggest that they try the rule 
□ — □ X n as one of the rules. ' . 

'In regard |fo problem (c)'^there may be some teachers who feel that a pair of 
j'ules IjMe □ > □ + 



□ 



and 
-> 2 X □ 



are two different rules which always tie. If so^ it must be emphas^ed that 

n ^i— > □ + □ and □ — — > 2 X □ are in fact the same rujle gimply because 

they do always tie. They are written differently, but since the jumps given* by 

□ ^ n + n are exactly the same as the jumps giVen by / □ > 2 X □ , 

the rules are not different. 

Of course thjV is true in general: two rules, 
has a jump that vhe other doe an 




different only if one of them 
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Participants in youi: group rrtay wonder why the teacher rarely filled in the 
box for the starting number when she tried numbers in the rules. The reason fox 
this was that in the preceding class the teacher found that the children invariably 
added th^Btarting tiunifeer to the landing number. For instance, if § were put into 
the rule □ ^ □ + □ , they would say, incotijectly, that .the landing number is 15 , 
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When jumps are being drawn on the line, how e ver, it is very important to keep track 



of the etarting- number by filling in the fir at box. What are some things that'^ teacher 
can do to minimize the tendency children have to ad-d the starting number to the land- 

» * * 

ing number? > ■ . . ... 

Perhaps by next week some of the participants could share their experiences. 



of introducing jumping rules in lAieiw classrooms. 



4" 



/ 
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Third.SesBion 
Written Lesson Discussion Notes 
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The discussion notes for ,this written lesson have a format diffejrent from 
that of the first two written lessons. It is not intended that the iJa'rticipants 
'should talk less this week. In'fact, by the third week the participants should 
be taking a more active part in the discussion. ^ . . * ,v . 

General Suggestions ^ ■ ^ ' ' , \- . • \ ' \. 

The fir ^t five pages of this written le^sson involve problems about parentheses. 

Perhat)s the best way to answer questions that participants may have concerning 

these problems is to write the problem on the board ?tnd, have anothex^^^^ticipant 

tell hqw he did it. ^ If someosne gives a wrong answer to a particular problem it is 

possible that he really solved a different^probleim. Sometimes the quickest way 

to. explain his error is to show him the problem he actually did^. For example, 

11 

problem ZZ on page 4 is 3 + r^— 3- — - , and the correct answer is 0 • 

WW 

» . * »«• 

Assume tha|: someone arrived at 1 as an answer. Perha|^s what he did was to 

1 1 • 

supply parentheses 3 + -r - (3 ") = > in which cfitse the answerSjVould / 

>■ . . 

be 1 . It would be worthwhile to ask a participant to explain the difference between 

.the$e two problems, • , * ' 

The remainder of. this written lesson deals with methods for finding standstill 

points. There are at least three general techniques for finding standstill points, and, 

in a. typical institute, each of the three ways will be used by the participants.. The 

modera^tot should encourage participants to describe their methods. Notice that 

problem ^4 (a) on page B asks for a child's method of finding a standstill point for 

rules such as > 3 XD - 8 and □ ^> 3 X □ - 7 . Acceptable answers * 

. to this question are not likely to be as general as those des^ibed here. . v 

One way to find standstill points is to make many jumps and notice the 

pattern of jumps. By looking at the syrornetry of the jumps one can usually . , i 

determine the standstill point(s). \ '\ > 

* '* 

Another method is to divide the number being subtracted by one less than the, 
multiplier. If the rule is U ' — x Q b.. ( a and b are numbers with not 
equal to I ) then divide b b)r (a ^ 1 ) .1 (Why couldn^ t we do this if a were equal 
to I' ? ) This is the method used by some of the students in the film 
''Standstill Points". \^ 



It is mil i ke l y t ha t fl tu Hen t s wQu ld-4t»^fee-^l^lowmg method for finding stands 
,8tilkpoint8. In order for a number to be a standstill .point the starting number ; 
must be equal to the landing number. If th« rule is • □ — > a X p. ~ b 
( a and b are numbers), then the 'starting number is □ and the landing num- ' ' 
bcsr IS ( a X □ - b ) . Since these two numbers must be equal if .there is a ' 
standstill point, we have □ =v X □ - b. The iiumber that works in □ wjll 
be the standstill point. Notice that if a equals 1, then the, equation has no 
, solution, and there is no standstill point. ' • , 

The moderator does not have to cover all these' rihethods for finding standstill 
points, in the discussion. They are included here to provide background ^or the 



moderatc/r* and could be used at a later date. 



Specific Suggestions * 1 . 

Be prepared for questions about tfe^ following problems: p^ge 6, question 1(f) 
page?, question l{j); p^ge 8, question 4(a); page 9. question ^ 5(d) ! A ^good 
app^>ach in answering .the^ questions is to have pa^a^ipS^tT^cus s their 
ideas and answers.^ The mo\ierator should use the following informa|ion with 
discretion. , 

Page 6, question 1(f) (TheVruU is U- — > 3XD - 8 ) 



(e ) , Start at 1 . 



One j\mip. 



land? 



(f ) A common wrong -answer to\(ft) above is -4 . What question 
might someone who makes thisXmistake have been answering? 



with the 



Some possible answers: ' 

1. The starting point mi^Ht have been add 
landing point. 

" ■ ■ 1 + ( 3 X 1 ) - 8 = - 



2. The multiplication sign niight have been read as\a pluswign. 




B<i6k 3 
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Page 8, question <r4(a) 



(a) Whafe^ other method besides looking at the pattern pf jumps, might a 

■ ^ ■ . . ' \' ' * » ' ,. ' 

child s>uggest as a quick way to find standstill poi^t? for the rules 
in the foregoing problems? • . 



This type of question actually does not hatve ^ wrongs answer. The question 

lis asking /or a child' s method and children say all kinds 'of crazy things. However, 

most participaif\ts (as do many students) s^ay something like ''take — of ther end 

),■• - • * • " ^ ^ . 

number" or. ."divide the last number in the rule by 2", Member-s of your group . 7. 

who have answered this question mi'ght enjoy testing their varipus methods oh 

these fules: > V 



\ 



□ 
□ 



4 >Na + 21 



0 X "□ - 3 



V 



-> .-2X -□ + 12 
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,^ ; Page,9K question -i^^A) " . - \ . ^ 

The question is to find the standstill point or points for the rule □ ^ > 0 - 

•J . ' • • • 

Participants often think that ne;gativj& numbers are standstill points f6r this 
rule. If -7 is* put InHhe l>^oxes, theft 0 - (^7) ha^lfctb be computed -to ^nd^ the 
landing number. Because of the two negative signs people often have trouble. 

Two approaches could be used to solve -0 - (""7) • 
^ 1,. A sequence of problems such as this: 



0 - 5 = 
0 - 4 = 
0 - 3 = 
0-2 = 
0 - 1 = 
0 -. 0. = 

0 -M) 

0 -(-2) 
0 -(-7) 



-5 . 

-4 

-3 

-1 

0. . 
1 
2 
7 



3 J 



I I 



27 ' The use 'a -cfi^tle such as Q-r-^ ip - — —i— 

Start at '7 aftd use thi«^,rule. Where, do you land? 
Start at 3 . Land? (7)' , | 

Start af l Land? (9) ," '* ; 
Star! at 9 . Lan?!? (1) ; 

Here is* a picture oA.some jumps t,aken with this rule: 



I ■ I 




(3) 



H 1— I — -I- 



-5-4 -3-2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 



Start,at U . Where do you land? ' {-i j j ' 

Start at -1 . , 
• If the pattern is preserved then you should go back to 11 from -1 , and 
10 - (-1) must be eq,ual to 1 1 , which it is. What is 10 - (-6) ? 5 -,(-7) ? . 
0 - (-7) ? Where do you land with.the rule □ 'rr— > O^r □ if you start at -7 ? 

. ■ ' ' '■ ■ ' . ' • 1 



v<<, 



In, one >nstit\j^e ^<particip^ suggested that zero must be the only stand- 
still point (or the r\ile □ — > 0 ^ □ because 0 is the only number which 
is its own opposite. "(The opposite of 'a nufnber is defined, afl that number' 

• * . ■ ■ ^ • \ . ■ ' 

which, when added to the original number, yields ^ sum'of 0. ) .Since 
□ — > - n ("Box* goes to the opposite of- box"|;can be shown to be-th^ samj0 
rule as n 0 - □ (''Box apes to ztero minus box''), 0 is the only*, 

standsti^ll point* 



•t. 
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Film DiscUssibn Notes 
'^Stanflstill Points'^ 
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4 



^ This claal^is a heterogeneous fifth grade from the Jame^s Russell Lowell 

^ School in Watertowrxi Magssachusetts* The teacher ig Davi^ ATTPage^ Before 
.this film, ^he* had met with the class three or four timers ♦ The filming took" 
place in March. [Film^ r unniftg 'time: 45min.]' . 

Th^gr discuss ion that follo>y*fe. occurred in a previous institute. It is i^iten- 
ded to^alert the moderator to .^^^l^^ibie questions, Most of these answers w^^.^ 
given by participants , /.V^^^^^^^ • 



. Q: \ Fairly ^arly ii^(.tiK(^^^^^^^ class was doing things like . 

□ — r-> X D'':^ 19 , and somebody gave as her explanation: '4Y0U just tak^ • / 
the number'on the right and cut' it in Half^ and you stay right there.*' ^ut, wh^n \_ 
the teacher was gpin^ ar<Jund asking pe'bple what the standstill point was, T^try ^^"^"^ 
said 38 . What was going on th^^re? ■ - 

A: * Terry multiplied 19 by) Z instead •of dividing it by 2. ' , 
* . ' ' • , \ 

Q: Nancy's answer was 6-^ * Where did that come from? 

* t ' A: . Possibly she divided the 19'by 3.' , , 

Q: ''Why is the s1>andstill point one less ihan the number? How 
^ copie it works? " (The person who asked this questibn did not state the question 
clearly/ What she really wapted to know wits why ^you can find the standstill/ 
|ioj.nt by dividing thS" -last number in the rule by the number which is, one less than 

• the multiplier in that rule.) *, ' 



.^V /vH'"i< . A: Since we are :Idokingj,f or *a place to start, so that we will land at 

<V " -i-i- the same place, we i.an say that for the staftdstill point the starting number will 
. ..;^iei*a^ the landing number. In this particular case the rule □ > 3 X □ - 19 

^ i- ''W/be rewritten as □ — > Tl- '+ 2 X □ - 19 . If we can fi^d a starting num- 

^-f..:*^;' ..M"]-- ' . .: ■ ■ ' . ^ 

;<i'*/!;v |9 is zero, then that starting number must be 



:':!?^' *^;H-:\%fktandaty.rpoin^^^^ • 
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Note to moderator: ' r ' 

•Someone with more than ra\^tin« iosight or experience nr^iay suggest that 
a way -to find the stdndstiirpoint is simply to ^-ealize that tho) startjjig point 
and*the lalnding point must tie equal in that case, or * " 

' - . . ■ . ■ " ' 

' ' ']:] , = , 3 X □ - 19 • ' • • ' . ' ' * 

•Now what works in the box? This method is entirely correct, of coureei but 
it is likely to compound the confusion of those teachers who think they have 
just gotttn it straight in their minds that the ^rrow in , a jumping jrule is not 
an equal Sign, The^ moderator, if he or anyone else bj'ings out^Uch a method, 
should raise this question and try to get various ex|!)lanatiohs, makino^ cle^r 
that the eqviation is a way of finding the Sitandstill point of the jumping rule* 
Later in the institute J^e might want to cotpe back to the .question and explore 
whether or not one could write equations in order ito find jum|is of specified 
distances other than zero. - 

The moderator may want tp get thoughts from those who wish tcj/offer 
them, and deferVurther discus sion of. this question imty. the following week. 
This will allow the participants time to solve the problem fot themselves. 
These notes are for whatever time he decides to pursue this topic. 



Q: When the class i;^ trying to find the standstill point for the 
rule □ — ^ 3 X □ - 5 , Donald suggests starting at^ 0 , What wag he 
proba-bly thinking? . 

A: He might hav^ been confusing a jump starting at 0 with a 
jump 0 spaces long. ' , 

. Q-: Commenting on Carmine's. jump from 9 to ;8 (using the i^ule 

□ , — 3 X □ - 19), the teacher says something like, ^'That's a pretty 
«horfjunip, which probably means you're not too far away/* Can a clarsroom 
teather and her atudents always rely on this principle? ^ '\ . # 

A: Not alw;ays, but for most simple rviles a yety short jt^mp in- 
dicates that even shorter jumps arie not too far away. One has to use some 
common sensQ in applying this, though. If ybu start at 5 and use the rule 

□ , 1^ 1 >^ □ - ~ , you get a '^pretty shapt jump'*,/ but* where is. the stand- 
still point? (There is none,) If you start at 1 and use the rule 

1 • 1 ' A 

I I ""-^ ^TOO ^ ^ » a junrrp from T to Yqq* » s^anastill 

point IB not very jplose to 1 . .(|t is 100 .) . , . r 



Q: While working oft the same problem, Katharine disregards 

the tccichcvr'a hint completely and suggests 1- , which is not cjose'to 9 at 

• ' 1 

all. Is she lost in a fog of laer own, or, is there a reason why she said 1 - ? ' 

1 • ^ ' 

A: Perhaps she divided the 3 'by 2 , getting 1 . There'&no 

rjjaaon tu aHsunie eho oven heard the teacher's hint. 

m 

t 

Or perhaps sh^ saw. the distance from 8 to 9 was one and 
when the teacher suggested Carmine was not too far away, assumed this 
rntJiint the andwerfwas 'around ope' • . * ■ 

Another possibility is that Katherine may have realized that 

9 " was the standstill point and the distance from 8 to 9-^ was 1~ . 
^ « Z Z 

Q: After Helen explains her metliod for getting standstill points 
("split the number after the fainus sign in half") the teacher has the class try 

tht^ethodvon the rule □ - — > 3 XD - 117 . Half'of 117 is 58^ , so 58- 

Z , Z' 



is put in the boxes and the children work out the answer. Is all this arithmetic 
really rtece 
still point? 



'1 

really necessary? Is there4a quick way to see that 58-r mustt >e the staitd- 



A: You know that 117 = 2X58^ (that's where the 58-, 

Z ' 2' 



came from originally)/ So the landing number can be. rewritten as 

Z 



3 X 58-^ - Z X 58*^ . If we have three 58'r. 's and subtract two of them, we 



have one 58 left. \ * 

Z a - 

' Q: In order^to check .z5 as the standstill point for 
I ! - — > 4 X n - 2I5 ,/^he cfass has to compute z20 - zl5 . The teacher 
writes this sequence of problems: ' 

10 - 

< 10 - 

10 - 

« 10 - 

' , 10 - 

^0 - 



'■I 



10 
10 

10" 
10 



5 - 


=" 5 


4 


= 6 


3 


= '7 


2 


= 8 . 


1 


= 9 


Q 


= 10 




= 11 




= 12 




= IJ 


z4 : 


= 1^ 


7.b ■• 


= 15 



'fie v/aa hoping that the students would see 'that subtracting a z number is the 
same as adding, a regular number. " Is this a good way to handle subtractidn of 
negative numbers? Are there other ways ? ' . , , 

A: It sounded as if a numl*p< of children responded "9" to 
10.- and the tipacher rejected tha^ answer.' Just by itself",' the "just- 

fQliow-the-pattern" method is jiot necessarily conv'in^iing, %\xt It's quick, and 
if you rememb-t^r that the answers keep going in one direction, it is a reasonable 
way of remembering what happens. , ' ^ 

There are other ways of teaching subtraction of negative' num- 
bers, and undoubtedly teachers in an institute can invent and develop many of' 
them. For example, since 5-3 = □ means the same thing as □ + 3 = ^5 
then 10 ■ - zl = means the"same as □ + zl 10. If |he student 

Mows how to add negative numbers, he can do this last problem. 



Qi When Christine is explaining her general method she uses as 
an example the rule □ — » 7*X □ - . She says that she looks at the 7 , 
takes 4iie "next ^mailer number" and divides it into . But there is no "next 
smaller number"; she mfean^ thl next smaller whofe number. Should the' - 
teacher have corrected her? 

A: This would be pUrely a matter of opinion. 1^ the context. in 
which it was uttered, Christine's statement is per^ctly olear^, Qn the other ' 
hand, we wouldn't vyant children to think that 7 has a neA smaller number. In 
this case the teacher chose to ignore Christine's lack of precision (or lie didn't 
notice it at all), but in a later filrn, "Graphing with Square Brackets", you will 
see the same teacher handle a similar situation differently. Thil film 4s shown 
in the second part'of the course'. ' - • 
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> Fourth Session 

Wrijl^on^t.e»«on Discussion Notea^ 



■ Moderator: Are there any questions on the lesson? 

Participant F; I'm puzzled about question 14 on page 3^ It says that the most 
' likely wrong answer to problem 13 is 20. I can't figure out how you would get 20. 



Moderator writes: 



•n 
□ 

□ 



-» □ • f 10 



□ - 4 ., 



-> □ - 7 





-> ■□ X 3 



X 





Participant K"; I thought 15 was a more likely wrong answer. You \yould 

get that by adding the results of each step instead of multiplying them. You 

' ■ * ,' ■ , 

would have: 

= 1- 



= 12 




= 1 



1 



and 1+12 + 1 + 1 = 15. 

Participant O: Maybe they added 
5+1 ;»• 12 + ,1.+ 1 . That wouid give 

k 




starting point: 



wrong .answer. 



Participant X: You would alsQ get 2|) by multiplying instead of adding when 



you do \Z 




You would have 1 X 20 X 1 X 1 = 20. 



Moderator: Those are all good possibilities, and witTi this type of question 
they are equalfy acceptable. Are there aliy other questions on the lesfion? 



45 



1 
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4 ' .... 

Participant A: By trial and error I was ablq to figure out the answer 

1 ' ■ ■ 

to qu#8tion 7 on page 4. But. frankly, trial and error can be time-consuming 
and boring. Can anyone explain it to me? 



Participant B: After a few problems I realized that if you want to get 
the biggest number possible you should use your adding rule before you use 

mult,iplying rule. Then you multiply not only ypur starting number but also 
* ''whuX haa been- added on.. 

i^ticipantC: That' s right. You want tpi|get''as big a number as you 
can before you mv^ltiply, and when you have a dividing rule, you want to get 
as small as you can before you use it. For example', in problem 5 on page 7, 
you want to use the subtracting rule firs^ so that you wilj^ose as little as 
possible when you divida^ ^ ^ . 

o 

Moderator: Let's^see, The rules on page 7 are: 

: ■ □ ; . 

12 



□ □ - 



and question 5 asks for the largest possible number using three f's, three g's, 
and one h. The Starting place is 116, Now wh^t were ypu saying? 

r 

Participant C: Well, when you, use rule h, you are going to take one- 
fourth of whatever is in the box. So you are going to lose three-quarters of 
whatever you have. In order to lose als little as possible, first use your three 
g's and then use h. " ' * ' 



Moderator-writes: (ll6 > 



N 
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/ • ■ * 

j Participant D: I didn't know how to go about question 12 on page 6, • 

I (Aaid^il^I hive tinough trouble getting the answer^ when they tell me wherte to 

/ I start and wliat rvile to usti; How do they expect me tofigurfe this out? ) 



Moderator writen: 



□ 



+ 10 



Lcl*s see. Three A's , three B's , and one C are used on a certain number/ 
and the hii^hest number that can be obtained is 207 . ^oes anyone know in what 
order the rules would have to be used to get the highest number? 

Participant B (a little exasperated): As I said before, if you add as 
nuich as yoiucan bufore you multiply, you will get the biggest number. So do 
the three A' s, then t:, and then do the three Bl & . ^ ■ ' \ 

\A \ . / f\ I AAACBBB A . ^ . ^ 
iMt)derator (wrfti/ig I [I ' >J ): So we know in what o^rder 




the pules were used to get 207 , Does anyone have an idea about how to find the 
^ starting numbe r ? \ . 

Participant E: You can use the rules in reverse. The B's subtracted 
36, so add 36 to 207 . C multiplied by 3 , so divide by 3 . " 243 -r 3 = 81 . 
Then use the three A* s in rpver.s'e* so you sujbtract 30 from 81*. So 51 is 
the starting mimber. 

Moderator: Now how should we use 'the rules to get. the lowest number? 
Pa^rticipant A: I jajuess yo"u want to get as small arf possible before ^ou 
multiply. So do BBBCAAA . 
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. Moclet<.itor (writiftg (^1 — >) ); Does ^yon\ have the ana>ver? 



7 



Participant R: »75 



\ 



Participant ♦rtvl : I was wondering ab<^ut'question 8. on page Ih, ■! know that 
pq wins by 26 . But does it work also if 1 put a negative' number in, the diamond? 



/ 

Moderator: Let' s try it with a negative numb^. 




- 13 



X x3 



V 



Someone give me a negative number. * 
Participant M: -4^ 



Moderator writes: 
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Which is 'larger, ' -25 or -51? 




-51. 



r . 
-51 



Participant Q: —25 



Moderator:^ It is larger by 26; sO| pq wins by 26 even when we start 
at -^4, And, in fact, pq will win by 26 for all neg^itive numbers. 




The preceding is the beginning of a discussion about the fourth written 
les'son. iris not complete, but it is included so that you may get the* flavor .of 



. how one moderator handled his group. 



:nat tb 



Following are some other ideas that the moderator '.could- use if the par- 
ticipants themselves do not bring them up. 



/ 



^8 . 



A way of determining which combination of rules is "better" is to look: 
at what each rule does to any starting number. 



tor example, m problem lir 9 on page J 2 where tlile rules are □ □ - 4' 

b ' ■ 

and I I —> I I X .17 and the starting number is '293 : 

■ ' ■ / - " . ' 

=^ - ' ( 293 X 17 ) - 45 



( 293 - 45 ) X 17 = ( 293 X 17 ) - ( 45 X 17 ) 




lioh a*s ( 293 X 17 ), - 



Thmking ot the first expressioh a*s ( 293 X 17 ), - ( 45 X .1 ) and comparing it 
with ( 293 X 17 ) - (.45 X 17-) , we see that in the second case the 45 is being • 
subtracted 16 more times. Therefore, ba f is' thrf "better" combination. • ' 

. As a participant in an institute sa'i4, "If you Use rule b -first and then 
•rule a, you will be subtracting 45 only once .. If you use rule a first, then 
rule b , you will be subtracting 45 seventeen times. So the combination, ba 
will win by 16 X 45 or 720^'" 

For some people the answers for the problems on page 13 come as a 
surprise, particularly problenji 3. It may seem that the. rules should be used 
in a different order when the starting number is between zero and one, since 
jumps with the rule □ □ X □ , starting between zero and one, will go 

to smaller numbers. 

It would be worthwhile to discuss these ^jroblema and see if. a participant 
could come up with a convincing argument as to'why the orde*r of the rules stays 
the same. A possibility would be to start at and compute the answers for . 

the six different ways that the rules can be arranged. 




This shows tha.t acb will give the largest number when the starting number is 
. A more general argument follows. ' ^ 

'Rather than start at -r— start at □ *^so that we have: 
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In a aimila^ashioh we^ get these results for the other five ^arrangements 



of the rules. 
9 




= . - X □■ X □ 

■ -3 



- X □ X □ 
9f * 



.= , - X □ X □ 
9 



- X b X □ 



- X'D X □ 



I 



Comparing'yhat is on the right side of the equal sign,, one can see that 
/'^J ^'^n X □ will be\the biggest number no matter what number is in the boxfe^s " 
(except zero, in which case they will "be^the same). Someone might wonder if 



- X □ X U will give the biggest number if a negative number is used. The 

answt;5r is yes, since □ X □ will always be positive/ 

The moderator may y;' ant to i^eturn to thia problem after the pai|ticipants 
' . ' ■ \ 

have d©ne the ^itten lesson in Book 1*6. 



5^ 



i 
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1^ 



Film Discus aJori#Iotes | 

"Three A's , Three B's , and One *C, " 



Preliminary Information ; ' 

In this film you will see the same class of fifth graders that you saw in the 
film '^Standstill Points^*. .;This is the next day. The teacher is again David A. Page. 
Just before filming he intr.oduced ,the class to the conventional notation for negative 
..numbofcfe. [Film running time: 48 min.] » 



\ 



Di scuj?sion After. t he Film; 

. Are t|\ere any questions or comments about the film? 
Participant AK^ . - 

I couldn' t figure^ out the one with the 10 and do 6 c* s . 

Moderator: - ' . 

-^ 2 X 



Let s see. Rule c was 



and the problem was 



The teacher ^as getting mostly wrong answers. What 



we^re they? - . ' ^ 

Participant B: ' * , ^ 

120. They were going 10, 20/ 40, 60, 80, 100, 120, / 
Participant C: ^ , \ 

Another wrong answer was 22* They were thinking of each of the c* s as 

worth 2. ^ 6 X 2 = 12 . " 10 + 12 = 22". 



Moderator writes 
Moderator: 



640 



\Does anybody know how to get to 640? 

Participant D: 

' 6 
I thought you wo.uld mu/ti-ply 10 X 2 ; but it doesn't wprk put. 

Mo(rerat(;r: ' ^ 



For those of us who don^t rememb*er about exponents, what is 2 to the 6th^ ' 

6 



32 



Paitticipant E: 

> ^. 

2X2X2X2X2X2 = 2 

\ 7 



ERIC j 



That» 8 ;64 sp it dotps wor^^^ Ifonly d^d 2 to th© 5th before. 




When the teaciier cha^nged the 10 to 15, he commented, ^he answer " 
"liata/ to be biggtr than 640 because we' re sta-Hing, with a bigger number. 



Does anyone have a fasl way to get the answer Ayhich was •960J? 
Participant F: * ' 
Add half of 640 to 640 . 



Moderator: 

D.oes that work? 



^a^y^ipant G : _ * ^ 



You've increased the 10 by half of 10 . ^.^ , 

Partibipant H : ' . * ^ ' . ' 

I see what you're doing. If you take half of your answer (640) ^d add 

it to 640 yo^ get 9^0 . ' . ' ' 

Moderator: * < ' . ^ ' j . ' > 

'; What if you had 30? ■, 
Participant J: - 

Itwouldlbe 3 times the answer yo\^ get fof 10'. 

Participanft K: . ^ ^ 

■ f» 

1 noticed that one child said one hundred ist|id thiTty-t^^^, and another time 
.a child sjaid two-six-six for twio hvindred i^ix.ty--six. Isn't it Important to 
say* the numbers? j / > \ ^ 

Moderator: ^ ^ " ^ 

It%i8 important that you do as you think bestv Sometimes when chilc^repi 
are working.with big idqaluand looking Jor/ gene ralizdtions, a teacher/ may 
ignor<^ thifigB like that for the time being. v ' ^ / 

Participant JU ^ . ' ; V. ' ' ^ . 

In another place in the film Brian said 3 minus 10^ instead of 10 minus 3 
,and the teacher let it go because he knew <vha4;*Brian me^riti and Brian 
certainly knew Nvhat he me^nt < ; ' ^ T 



# ...H: ■ . ... -^^ \ ••■ , . ■ . . . i# . 

^ \ ' i vjJ^H womlering wiry those loops w«re draWnv \, . ' ^R/' /ii:;^^^^.^:--;^ '^"'^ 



'14 o ( Ij; f.* t o r w r i t q s 




MOfU^ratorr « 

> ' Is there a difference in meaning bet>yeen theete two? 

.Partic?ipant N: r 

* * 'The'tQacher said that — >^ : was the^^ 

ma^4 that jump, -/y/s ' v ? ^ -'v;. ^ -.^^ 

■ ^ ' ^ * • * . ■ ' " .-* ." . ' y'' 

■ . • * 'i* **" * • ■ ^ . 4- ■ 

^ perhaps it will.be helj)ful to rei^ember-that 1,6 — W 9, '^\a no4,corr^:ct.^ 

^* i j^' lt says that using rule a, 6 goes to equalsy'9 . This is nona^nse/-"lt ie*^ 

correct'to write (^^^^^) ^ which «ays ,that if you start aj: six^? ^ ' 

and use rule a, thQ>4'a^ding point is eqvjal to 9, 6' ^ 9 iS' a correct '/* 

way to say: /using rule a , six goes to nine. • - . .•■ 

Participant N: / ^ 

What if Bruce hadn' t said, ^^Is it beca-Uae you multy)ly at a different place? 
Participant O: ' , / 

■■ * ' . .y-' 

Teachers aren' t always lucky ^enojtigh to have a Bruce in their cl?isi3,, 



^Parti^jli^ant ,!P: 



^ • bb*h 

Maybe the teacher woufd ask why \53 — — _.>J did. not give the-f *' 



same answe.r. 
• "PftXrticipant Q: ' " ' ^ 

Maybe the teacher would wait until someone^ did catch on. 



^ 34 

o 
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1. Mote to rtV)S)de rater: 



: ' : . * \. At the end ^of the: film, alter the students have found^the maximum number 

•>... ••■ V • ' • ' 

% ; art^ictv^M the teacher asks a question, 'If 115 is the largest num-^ 

v./} '"viK- - ""^^ ^ ' ^- ■ ^ . / • . . ^ 

.:• ./"^^^^^'V^^^ ari<3^:.88 is the ^msmest number you. can get, what are all the 

•\v*:o /rt^^ yom can hit? C^n y/ou la^icl on all the whole numl^^ris * 

h;..:.^^^'^^^^^^^^^ the/:^p4rui%^ like to pursue this ques^ioni- the following is one 




. makes .^ diiil|fereiice -ii^^^^^ w;h:en 

:^ one c are used ;v "AAf^i wU|^ 



extteme 



ca!^^^b!^:^v>^v^^■■V^ There ^are n:i^hy^O;t:he r >Vayd-.t:d- ar thjesqr 

keeping tt^ c ^^oJ;he left>.for Example iV "^ 
: : . -'^'^ , c:al>4b^ib (How/rr^ athe^ Wa^yfi: arfe iKei'^?^ 

' ' ^ : ■ ^ : V *• VHoweyet, ea;^fi'bf ;these Wrrang^m^ntsvwijl::/ 
■ ■V ^giVjB .the samevr^sfi^uU^be^eau a's ^^hnd 

'■ ■ v.;.; ? *s chajng^ the /answer 

. ' ' \- "and '''b;vcon:imu{e.) ^ \ v . ■t -' • 



Np,w tnovt^ the-i/c' *"6t)[fl:.^jw^^^ to-thg rightv.\ 



aca9.bbb"^; 
^.bcaaabb 



" '^Hi*5^e^^y^ will^ : 
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{ , Move the t/^to the right 'again. Can you predict how many' arrangements 
will yield different re'sjiilts? It you naid thi;eo> you aye. right. , 



aacabbb 
a Ik: uabb 
bbcaaab 



N4ove tlie c once again • 



aaacbbb* 
aabcabb 
abbcaab 
bbbcaaa 



Again rt\o,ve c 



/ 



aa^bcbb 
aabbcab 
abbbcaa 



Once more ? 



t'inally 



aaabbcb 
aabbbca 



-/aaa 



b!)bc 



Counting these arrangements we find there are 16 possibilities, including 
tho tnaximunn ami nunimum. The answer to the question, therefore, is: No, 
you.ean-not get all the niimbers between the largest ai;^fl. smallest.- You C|«i. 
%et only 14' luunhors between tht; lar^cHtfcind smallest. ^ 



• The moderator may want to ah6w the 16 possible landing numbers 
(atart'inK at S3) on a number line and discuse such tMngs as symmetry, patt 
of numbora hit and n.umbers missed, and midpoints. Here is'a picture with the 
rules that )j[ivo tho landing numbers: / ' 
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ern. 



V 



I • 



aaacbbb 



■ 115 



aacabbb 
.aaabcbb 

ac^abbb 

aabcbba 
aaabbcb 

caaabbb 
abcaabb 
aabbcab 
aaabbbc 

bcaaabb 
abbcaab 
aabbbca 



bbc&aab 
abbbcaa 



Ill 
110 



107 
106 
105 

103 
102 
101 
1^0 

98 
97 
96 



93 



bbbcaaa 88 



V 



0" 
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TifthSe.BS'ion' 
Written Lesson Discussiofn Notes 



vln^^his written ^sapm, the participants are asked to. do some Is^ttiqe prob- 
lerutt with their cle^ses. We hope that the nmoderator will encourage the partic- 
ipants to discuss the lattices and the problems that they triedt Perhaps teachers 
from representative grade levels xould 'present their problems to the group. 
Another* possibility to keep in mind is to reproduce for the entire Tgroup some, of 
the lattices and sets of problems that particip;ants have tried in their classrooms. 
Tills \vould also be a good time to discuss what children can learn from'working ^ 
with lattices^ (See page 41 for further discussion of this question,) 

'FolLoAviJig are sx)me of t\ie questions that ar,e' ;fJTOst;ojEt,0,n;^^^^ about thi^ 
written lesson. (Some possible answers are on p#fe 08.-43^^^^ 

* • ■ . • ' ■ • . : ■ / ' ' ' ' 

Pag^ 3 , problem 8 and problem 9 : 




Is there a reason for using the same arrows in problems 8 'and 9 ? 
j|(An3wer on page 43 .) ' 



PaKe 4 , Se\t. IV , problem -4: 




Why . 5 a likely wrong answer for 5 / ,\ ? (Answej on page 43 .) 
Pane 4 , Sect. V , problem 1- ( a ) : 



Use the tmallast posaible number of arrows to make thlt problem true: 



25 



41 



What it the largest number of arrows that can be used? 



Why isn' t six the largest riumber of arrows that ean be u8e<l here? 
(Answer on page 43 .) 

■ Oi) 



I 
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e 5 , problem 4 (-a) 



p 




V 












,*■ 








// ' • 58 










\- 





How might one approach this problem in 
page'44.) * \ 

Pag^ 5 , problem 5(c): 



logical fashion? (Answer on 




Wh 



^ this problerri impossible ? (Answer on page 45-.) 



In problems 6 and 7 , on page 5 and page 6 , the participants are asked 
to extend the lattice. Usually problem 6; gives nq trouble, but th,e answer to 
^ problem 7 can be the subject of disagreement. TWo common answers aire 
and -13 • Participants who give these answers are probably trying to keep the 
Ust digits of the numbers in each column of the .lattice the same. (Thus> -3 
goetf under 3,) However, if -3 Were to go beneath 3 ,^ then the | would sub- ' 
tract 6 therq, whereas previously it has ialways subtracted 10 . One.has to de- 
cide whether it is mor^ important to keep the value of the arrows consistent or ^ 
to pteserve the pattern of the numerals in the lattice. That all the numbers in 
the column above 3 end in 3 is really just an accidental outcome of the fact 
that there are ten numbers ^in each row. (Try the same kind qf question with a 
seven-fold lattice.) The moderator might use the following sequences of prob- 
lems as a possible way to lead to an extension of the lattice which preserves 
the effect of the arroWs. \ 
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(In thjCse problems, put numbers in all the frames; no arrow5^ allowed.) 

■ ■ , ■ I , ' ■ ' ■■ ■ • 



-1. 



/ 1 \ 




+' 


^ nn 1 

( 90>^ = 


(u) 


26 1 


+ 


- 

V 


( iii ) 


43 t 

1 


+ 


431 ^f: 










(iv) 


53 


+ 


33' = 


(v) 




+ 




(vi) 


17 


+ 


□ = 


( vii.) 









14 



(A) 
(B) 
(C) 
(D) 
(E) 

(G) 
(H) 

( I ) 
(J) 



19 i 
17 i 

l4 
10 j 



+ 




= "io 


+ 


ir 1 1 


= 10 


+ 


1 1 


10 


+ 


□ 


10 


♦ 


1 "1 


* 

-10 , 


+ 




= 10 


+ 


y 


10 


+ 




10 


+ . 


13 


= * 10 ^ 




7; 
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•Following are two slightly adited discussions amcmg participants who 



were taking the course. 



Participant A: ^ What was the answer to pr|(blem 5(b), page 5 ? ( 



♦ Moderator: 
Participant F : 
Participftnt G : 



Participant M : 



65. 



127 



Remember* we must put the a^me arrows in each / ^ * 
Would Sbmeohe^lse lilce to'answer this? 

I made a square with th^* arrows | j so they get back to 
192 ^and 65. , ^. ' , , 



I agree» No matter whafr arrows you put in each 



, the 



arrows must cancel themselves out, so that t i in^^ch 
/ n . would work; too. ^ 

Well then, rdon4 see why I have to use any arrows at a^l, 
evince 65 = 127 already. 




' Participant P : 



^Moder?itor: . 
Partici]j|ant N : 
Moderator: 



T 



\ , ■ ■ < 

We don^t^have a no-arrow aynnboL f i or -r^ ^ is the^cloeest 
we come to that^ and the result is rust as Af we had used no 
arrows. 

Yes, you're ?ight. You have to have I ome thing in the 
or you haven't done the problem. ^ . *• 
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I disagree with aU of yoU, I tried four arrows to the right in 
^arh / ~\ , and I still got 127 . 4 



Let Is work that out: 
• _ _ _ 

65 - - - 

and 196 - 69 - = 127 



196 

69^ 



Participant N: In fact, I think that any combination of arrows would work.' 



Moderator: 



You are correct. Those of you who wish to thitfk some more 
about problems of this^ type might see if ypii can find the ans- 
wer (or answers) to this problem: 



192 / \ + 65. / \ 



257 



•» 



11. 
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Particip?i.nt A.: / What are the children really learning by doing lattices? 
Moderator: Would anyone like to answer that? 



Participant C 
) 



7 



I 



Moderator: 



Each arrow pointing up iTs worth 10 , so tl>at a problem like 
3 1 t t t ! t tould be done by adding 



3 + 10 + 10 + 10 + 10 + 10 + Id 



or by doing 3 + 6 X 10 

Yes, and if you used a different lattice, such as one with 
multiplei^of 6 in the farTleft column^ the children would 
get practice in the six tables* 



62 ^ 
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Mocferator puts three ifowe of this lattice on the blackboard: 



u 


13 


14 


15 


16 


17 


6 


7 


8 


9 


10 


11 


0 


1 


2 


3 


4 


5 



Participant X 



Participant M : 
Participant L : 

N 

Participant C : 
Participant D : 



Participant L : 
Moderator: 
Part 141: ipc^nt P: 

" ■ ./V 



It's a good way to >view division with remainders. If you had 
44 T 6 , go up 7 rows from .;zero oit tha^j^lattice and then go ^ 
oyeir 2 • ' ^ 

Using arrows that go in opposite directions brings in cancel- 
lation* The children can se^ that t cancels out | • 



They are learning to use numbers in base fornr^, too* 
Is this realty other number bases? 



I don't think it's the same thing because you are working with 
ten digits, so it couldn' t be ariother base* 

But if you wrote all the numbers in^base six (in the lattice you 
-have^3in the blackboard), it would look a lot like tHe ten lattice* 

Do you think it would be good for introducing, negative numbe^rs?^ 
How might you do that? 



0 that 
50 ^6^ 



Have the arrow\go ^Own^ below 0 and put another ro^w'of nurriBters 
b.elow the bottonv row# ' ! 
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Here arj^ some possible angers to the questions on pages 38 and 39 of these, 
discuss ion nohtf^tt \ 



discussion notes. 

Paije i, problem 8 and problem ^. ^ ' ■ 

It ' ■ -. ■ 

The answer to problem 8 provides a Qlue to the answer for probletn 9 , \ 
since piiC^lTlem 9 ha.s the same arrows, but a different .starting number. ' If you 
cross owt arrows that cancel one another, such as \ and | , and ^ and ^ 
you are left with - . . . ' 

. • 14 t t = ^35 



So all that those arrows did was to add 21 . Adding^ 21 to 36 will now give tlje^^^ 
answer to problem 9. ' 

PaH<-^ 4» Sect, IV » problem 4, 

Notice that 5 // 5 and 5 W = . 5 • Students often think that 
\ and / cancel'^out in the same way, but they do not. On this lattice, 
/ rile ans add 11, and \ means add 9.^Thus, 5/ \ has the same answer 
a s 5 f f • ' 

* ■ • 

Another way to see that b / \ cannot be 5 is to think of the geometry of 
the- moves, ^The arrow / moves you up and to the right; the arrow \ moves you 
up and to the left. As long as ?he stsirtlng numb^ is not on the edge, you must 
travel vertically; you cannot stay where you are. Students sometimes d'ecompose 
/ 'into f and into ^ | . Therefore, 5 / \ can be replaced by 

5 "^t^ t . The two horizontal arrows cancel, leaving 5 | | . 

Page 4, Sect. V, problem 1(a); 

There are two common Ways of thinking about the correct number of arrows 
used, tf one allows arrows that cancel,; there is no largest number of arrows. 
There can be as many as you want; If arrows that cancel were not allowed, then 

6 would be the largest number of arrows; 1 1 (or lany rearrangement of 
theg^e 6 arrows*) 



Page 5» problem 4(a): 

^ There are many approaches to this problemt Here aye four possible ways 

to do it: ' \ . - v ^ ' ' - - 



(i) First rewrite the problem as 

+ . ■ 



1 / /I / / 



58 



Since / adds 11, / / / / adds 44. 



so 





+ 










+ 








7 


+ 


7 



44 
14 
14 



58 



(Of course, 7 / / should be checked on the lattice to ensure that it doerf not 



go off the edge . ) 
.{ii) Rewri/e the problem 



r 



as 



29 + 29 



Then, • each 
in the 



// must equal 29. Since // adds 22,' 7 /must go 



( iii) Add arrows t|iat will cancel out those on the left: 



1 

/ 



//// + 



//// 



//// 



(Since four / 's^were added to the left of the e<^ual sign, fo/xr / 's were 
♦ Iso added to the right of the equal sign.) 

58 / /// = 14 



So, you are left with 



( iv ) Try numlq^rs in the 



^ . . Book 5 

■8 and check to »9e if they are too big or too 



7 



Try 10 ; 10 +* 10 

Try 5 : ^ 5 / / +' S / / 



.Try 7 : 



7 + "7 ^/ 



64 
54 
58 



(too big by 6l 
(too small by\4 ) 
(it w^M 



1 



J ^aRii 5 , proble|[\ 5( q ) 



Using ^he same arrows foi^the same-shaped frames, as one must, this is ' 
. , * ' ' ' ■ * . ■ / ■ 

Hnpos Bible, since 192- 65 = 1 27 . . Both numbers will be changed by the *^ 

same amount regardless, of the combination of arrows used. The difference will 



always be 1 Z7 
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Fiijfji Discus 8 ion, Notes 



^"A Seven-Fold Lattice" 



Fraliminary infprmation; \ ".^ « * 

V. The class you will see in this film is a iifth gra4e. heterogeneous group 
from the Browne School in Watertx)win, Massachusetts, The film teacher is 
I'rancft X, Cort:oran, On two occasions prior to the filming Mr, Corcoi-an 
had taught the ela^s using (j)ther Project materials. 
48 min, ] 



g <^th( 



'ilm running time: 



Discussion after the film: 



We hope that the moderator will use these i^Qte^ as' a reference to help 
his group answer their own questions, I 




Participant A: 



Mode,rator: 



The answers to the last two problems were not given in 
the film. - What was the answer to 



18 



29 



79 



In the film the teacher gave a clue by trying | in the 




29 



79 



participant A: 
.Participant X: 



25 



36 



61 ' 



But we need to get up to 79 * What other arrows do you need ' 
to put in each frame to get the necessjtry 18? 

An arrow up and two arrows to the right ( t •^'^ \. 

So you would have | | in each 



Moderator: 

V 

Partidi'pant N: 



Can anyone do this^problefm using only three, arrows in 
each x ? Only two arrows? ' ♦ ' 



For tljreq arrows, you could have t # And for two 

arrows, / / . \ 



Participant B: What answeirs did the dhildrfin give for tH|8 p.roblem? 
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Parficipant Q: 



Moderator: 
Participant R: 

it^articipant C: 



Moderator: 
Participant N: 



And what .was the, answer 'to* the last problem? 
/ • \ ' + 29 



18 



80 



ft 



I 



Apy ideas? 

■ I, ■ 

We have iust done the problem wi>h the end number 79 . 

Are there any arrows that get up to 8Q? ' 

You need only one more, and you'd have to split that on& more 
into two / T^-'s , so the problem is impossible.. 

/ ' . • ■ 

1 * 

Yes, on this lattice there is no arrow that adds r . 



Is it possible to construct a lattic^ so that some arrow adds |* t 



Moderator: 



= 58 , the most common 



In the problem' 32 ^ 

correct answer was | V\ t . .What other correct 
answers could you give for this? 



'{Participants suggest the following ways: || | | , / \N%N 

Participknt M: Of course, there lare many moref solutions. ' 
Participant D: Why is it im^ssible to^do with only three arrows? 



Participant E: 



The ptoblem is impossible to do, using three arrows bec'Suse 
58 - 32 = 26, and the largest Yj^lue that yovi can gel^^th 
three arrows is 24 . ' ^ 




63 
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i ... Yc)ur group might tinci it int^^i^re sting to. discuss the following questions: ' ^ 

' • • . ( iO In thiv-boginning of the film, the teacher wtote three rows of th^ latti.ce 

' ' J Vand thtnvhad the students'* (ill in the fourth row and some numbers in the • 
litth and sixth rows. Why did he*spend so much time building it up? 
Should he have spent 'more time? When you introducq fattices to your 
^ Glass, how will you decide how much'of the lattice. to bVld? . 

(b ) Sevieral wrong answers were given when the teacher switched to a short;; 

■ \ ' . ^0 • \ 

" way. o I' , writing arrows pointing up* For- 9 t > the answer of 90 was 

given. What was. the child probably thinking? What are some other short ^ 

ways you might use to. indicate 9 t t t t t t t j t t ^ ^'^^ 60 | ^n ' ^ ■ 
■' ' • • ■ ■ . ' ■ " • • 

' , fa.nswer of 460 w^as given; how did the .child probably arrive at that' answer? 

y. • • . ^ • ■ ■ * * ■ 

^ .. < ■ , . ^ 

• f ( c ) At .one point in th^ film the teacher gave the problem □ \ a^?^asked 
; if the result were'45igger or smaller than Q.. He said that the nuniiber he 
.was thinking of io4 LI was 49 . One pf th^ students 'wanted to try' a 
: .vsmallor nut^^b.^r.r'^n^ Is 2/^4 bigger o.r s>xnaU.er than^2? Is 

'. : . 49^>^ s^maller thart .4.^^^^^ Would; t)?e re sult^^.^^^^ 

' . "..no matte t what/"hum:ber is ' put iW^ t l ? ... •. ;' > ■ ...V- * ' 



fd.y^ .'V^ atud^nts were' frying to fiii^' V^^^ lpp..w.as 9p'-tHfe lattifc^/ va 

. thsit was in';cpli^ D;V^Q In ^j^ and 0 in 

i- coliiniri^^^^ of t^n';bct^^^ Which la ttia^'R^ 

Vt? : hVuil.lb^^^ of t6n:'in only ont^--.b^ d^^^W^^^^ tp'ipoihde.r: giveVt ; 



T 



ly dnt^--.b ^^^^^W^^^ tp'ip.oinder: given; 

^s$^Tn«^i^ti^ which;^6li|mxi^: rili^ulHp^ o^ any 
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uwlnfj^^^t; tho probUniis in rit;ction.s I and II of the Itisson thnt 
..ip|)t!ar to l)t! thv most (iitt'icult t'o^" people, 



V 

K^articrp<int A: 
Participant B: 



i>\ ( I] + I 



+ 8 



.9 + 4 X 11 + 4 1 



I was unable to do it. Was it a n^iisprint? 
^ X ( 11 + I 1 ) is the same as , .4 X' L 



5-iV+ 8 



60 and 41+9 



50 



so you are adding 60 on the; left side and 50 on the 

right side, Nq matter what number you put in tht? ' 

boxes, the left side will always be 10 bigger than 
ft ^' 

the right side. So it's impossible. 



14. 



-5- 



101 



7 , 



1 



The most likely wrong any we r to problem i(l4 is 53y . Wtxy 



ttught this be?^ 

P<i rt ic ipant C: You say that the most likely wrong answer to problem 

^ ' ' * 1 ^ 

^ 14 is 53y . But that is the anjiwer I got. I a^dded 

X ^ • 3 4 

101-;^ to 5— and got 107. Then I divided by and 

Vx ' got 53 -J , Why is it wrong? 



PHftiei^ant 1^: 



1 

ThcU 53— that you got i,s the distan^^e from the midpoint 

•: J 4 

to e^eh of the ends. Now add 53-t to -S-z- , or subtract 

\ ' V 3 

53.^ frotii 101- • That will give you the midpoint. 



V.'.; ■ -i' 
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This diagram may help: 



53 j 

C4 




I'.i 



it. 



I 



If iiome participants have attempted the problems on this page 
and have had difficulty, it may help to label A and B with'simpl.e ♦ 
nun^bers and then ask appropriate questions. flWVe illustrate with problem T!!rl6(a). 

• 'la) Point A goes west at 5 ur^its peT Second, and at the 
same time pcyjit B goes w(?st at 5 units,per second. 
In what direction and how fast does the midpoint (halfway point) 
of AB move? 



Midpoint moves 



at 



t|nits per second. 



liCt A be 7 and B be 11 . 



A 



B 



7 f 11 , 

What is the midpoint novjf (9) 
Whore is A after one second? (at 2) - ^ ^ 

Where is H after one second?, (at 6) " 

Where is the midptwrnt? * ^(at 4) 

Has the midpoint movod eas^f^t* west? t (west) 
In one Hocx)nd how many units has it n^oved?- ( 6) . 
Your group may want to discuss whether it make any differ/bnce what numbers' 



you use for A and B . 
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^ * ^ Book 6 

I . . Section III . ' 

I * 

Kven though we are speculating aa to how peopttyarrived at the wrong 
.inswerH inclLc.Ued, these queatiorVs are'well worth discussing. By analyzing | 
throng .mswera teachers can often correct niisconceptions befoce^ the/ become 
tooUirmly eatabliahed. ' . 



Section I 



Sometimes participants have felt that a statement such as 

' 3 I - ^3 ' 

I 2 ^ 2 

is somehow unfrue b\caua.e -4- is not eq.ual to 4- • Pointing out that 

i 3 

abaolute value an opera.tion that makes negative number^ positive may 
lead to a better understanJirtg of what the absolute value bars mean. 

/ ■ ■ 

♦ f 

Another way to look at absoluite value is to ask, for instance: 
How many unitsjaway from 0 is 16 ? 

c , , , 

f • . I 16 I = 16 

How many^mts aw^y from 0 is -16 ? 

' : " 1-16 I = 16 



The distance that a number is from 0 is the absolute v.alue Qf that number^ 
More work with absolute value will come in the 8econd*part of the 



course. 
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Film DlscuBsion Notes 
"Counting With Dota" 



Pyelitninary inforniation; "> 

The class you will' see in this fUm^is a second grade 'from .the James 
Ruasiili LcSwuil School in Wauertown, M.as sa^u^jetts . The film teacher is 
J^iivid A. Pa|i<e, This, class had worked with Project teacher-s for seven 
months prior to the filming. [Film running time: 34min.] 

Possible discussion questions; 



In the problem where the fhild is asked to shqw that there are 63 dots, 
• do you think he really put them into group* of tens as he seiid he ^id? What 
othe£\^ method^ might he have used to obtain his answer? 



- To the ten-by-ten array of dots, the tejacher added 'another'row and 
another column of dots before asking for the total number. Why is '120 a 
likely wrong answer? , 

Draw a four-by-four array of dots on the, board. How many more do^ 
do you need to add to get a five-by-five array? Now consider the five-by-five 
array/ Mow many dots will you need to get a six'-by-six array? Imagine a 
thirteen-by-thirte*en array. How maixy more dots will you need to abtain a 
fourteen-by^fourteen array? Now you have a square-shaped array which is ' 
n-by-n (where n is a number). How many more dots do you need to get to 
the next larger square?'' 

Consider thofproblem 1,3 X 15 == ? How can a child use an ^rray of 

dots to help him deternfiine the ansWer? Here is one way to look at the prob- * 

lem (see diagram on next page): * * . * 

/ 
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7j 



1 w 



\ 

\ 



% • • • • 



10 X 10 



10^ 



• • • 



% • * 

' lo" ' 

. X . 
' 3 ' 



100 + 50 + V 30 + 15 



\ 



s 



195 



10 X 10 
10 X 5 
.10 X 3 
5X3 



100 
50 

'30 
15 



13 X 15 



Drawing dots may get to be a time-consuming job. Sheets of graph pa^er 
or a large graph board can easily be substituted.' Instead of counting dots, chil- 
dren v^ill now count little square*, each of which is one unit. 

Another advantage of using graph paper is that yiou can now solve problems 
such as ^ \~ ^ Students and teachers can profit from finding shortcuts 

to this p^roblem. 
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n 



+ 1 



97 
100 



J 



f 

One certainly doey not want to do the actual computation in this problem. 

• ' " /. 

Yoft might ask your group for quick ways to get the answer. 

A person tnight reason that each of the numbers is close to, biit less than^ 
I . The* sum will- be Close to, but less than, 6 . The problem is reduced to 
[6 minus a. mall fraction J ^5.. A more cautious person might reason that 
together the tractions will certainly be more than 1 , Will they be more than 2/ 

When you combine - and Y^^ have 1 and a fraction that is certainly more 

1 97 
than ~ . rhis fraction combined with. 7— will give 1 and some fraction: The 
^ lUU 

problem is reduced to [ 3 + Z + some fraction J . 



18. 



3^ + 



I 



97 200 



J 



Reasonin«g similar to that suggested for problem 16 is equally applicable 
here since each fraction is close to but less tha n . 1 . 



Paije 5 
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Someone may be unsure afcout using 'negative numbers in this problem. 
If so, group could work through a couple'^of examples like the following. 



i 

in 



Use a neg^nve integer in the box. 



-6 



I 



i 



-6 



J 



or 



""3 > -3 , wKich^is fais^. \ 

/ ' ^ ( 

Therefore, -6 does not work in □. / , ^ 



7o 



I 



I 



.Try -5. . 



-5 



LEI- J' 



,1 

or -i- 



5 



Thi3 ia true, ao -5 does work. 
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or 



or 



Now try a negative fraction. 

' [E2 -J 
1-iJ. 



I 



1 



-- , > 

4 



4 



— 1 , which is true. 



Therefore, -4 does work in □. , 

A few examples shouVf convince the group that even whcflfe numbers (ppsltive and 
negative and zero) dd. not \#ork and that all other numblers do work.^^ 

• # ■ - r 

One approach to problems 34 through 4Z is to consider how much i^ 
lost by placing the brackets in various places. For example, in problem 34 
it the brackets are placed like this:^ [ J + 3 ^then | will be lost. On the 
other hand, if the brackets are like this: [ f. + f J , then only \ will be 
lost. '^iSince you are looking foif the largest number, you v(fant to lose ^s little 
as possible. Therefore [ 3 ''"1 I J will give the largest number • 



ERIC 



4Z. 



. 4 16 16 Z 4 



\ 



Using one pair of lowolt brackets in this, expression, the smallest amount 



1 ' 1 

that you can lose is • 'There are two different ways to lose 



\ 



or 



4 + 



L16 




2 

16 



+ 



-r-r + 



/ 



16 



I 
Z 



+ " r + 



+ 



2 



76 



16 • 



+ -r 



i 
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T 



Here 13 a problem for a group interested in a challenge, It concerns 



thin alquence ot questions in the written lesson: 



2H. 



29. 



30. 



3'1. 



L 



23 S 
100 



235 



353 



J 



100 X 100 



J 



100 X 100 



6353 i 100 X 100 



J 



When these questions were originally written and triced in aUr^institute for teache.rs, 
they were followed this question: 



6,353 



6,000 



Vhe plan^was to extend the idea of going to fhe next lower multi'ple of- 100'. 
The author of the question Assumed 1,000 to be '*the'* root/<^f the equation. 
1,000 does work^^ut it's not the only number. Some teaclyfe>i::^ in the ipstitute- 
\ gave 3,000 kncl 6,000 , which als o work. The following week more roots 

"had been found, including^ 2,p00 , 1,Z00 , 6OO , and 500. Soon, some 

' . ■ 5 ' 

i recvll^ surprising roots had been discovered, including 545— • The equation 
, 1 ^ . . . ' U ' 

has, in fact, -"the following foots 

\ ■ 
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6,000 
3,000 
2,000 

1,500 



1,200 : 

1,000 
857 1 
750 



\ 



bkk- 

600 



545 



500 



11 



461 



13 



4 

42ij| 
4001 



375 
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! . In yo(V institute you might wi8h'*t(^ review problems 28 through 31 and 
ii> this -context give the eaua^tion [ 6,353 -r □ J X □ - 6,000 . Some partici- 
pants will probably give |ome of the more evident roots such as 1,000 and 
6,000 . You can then observe that there are quite a few other answers and 
let those who are interested search for them during the next week. Keep a 
tally of the roots collected for several weeks. Eventually someone may 
pnkluce all the solutions, togetht-r with a . system for determining them and 
proving that the list is complete. : • 




i ■ - / 



fFilm Plscuasioni Notei 
"'Lovv;er and Uppet Brackets*' 



7 



Preliminury ipttormation; 

You will see a olaay o( fourth jjrcvders from the Ballard School in 
School pistrict ^63 in Niles, Illinois. The teacher is Mrs. Carol DanieU 
While tiaching a fourth grade at the Halliard School, Mrs. Daniel attended 
a twenty-week in-service institute using Project materials. The year 
after this institute Mrs^ DanieT helped givi^ an institute for the remaining 
I teaohers in District //63 • It was for the second institute that this class 

was videotaped. This filin was made from the videotape. [Film running 
. timer 30 mil^J ^ 

Quo stio/raH^Qj^ discussion; 

1. ln 't^^t(t\ you saw the expression 4~ . + 4 + 10~ . ,The teacher ^ 
pjuTTfie brackets in two different places and asked which expression 
j[ gave the smaller answer. How would you place the brackets to get 
the largest answer? Can you do it^more than one way? 

At one point the children suggested\^sing numbers IdcIow zero. How 
do brackets WoUk for negative numbers?' If this question is raised in 
youi^ group, you can mention that the use of brackets with^negative 
numbers is explained in .the Epilogue to the wi^itten, lesson in Book 7. 
After participants have i*ead this informatiojj the group could^o'a 
ftnv problems With negative numbers. f * / 

For the equation [ □] - [ □ J = 0 , Ed suggested 2 below zero 
and then decided that it would not work. The teacher said that Mark 
agrees with Ed and it seems that j9 he also agrees. Yet she summed 
it all up by saying that the whole numbers work. Isn't a whole 
n numl^'w:^ Does it work? f ^ 

X To some people ''whole numbers'' nieans only the positive 

integers. VFot others, it means the integers: positive, aegative 

i m ^ / ' 

f and zero. (This is the mJkniag the Project adopts* ) For this . 

problem, -2 and all other integers work. . • , ; ' 

■ ■ / ' ' \ ^ *\ / 
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• A you'rctj tor ditiCHiesion is- tho>ollecViqn of sample sequences together 



with (;tn'rectord' convjncnts tha^will be iyruncl in the Corrector 's ,Quide for this 

. The tnoderatoir. could put one or more sequences oii the.board 'and a'sk for 
comments and criticisn/ He n^ght bring up the Corrector's Guide comments 
at the. outset for discussion, -or, bring them put later for comparison with the 
comments ^f institute participai^ts . It would be worthwhile to have some -par- 
ticipants writtf their sequences on the board for discussion. 

• 'l*ho following are the problems most often asked about. As with.all prob- 
lems.brpui^ht u:|b.in»the discussion, try to get the participants to tell their methods 



If no one has a method, one approach is given hete. Use it at yo^r discretion. 



Page .1 , problem" 5 . . 




I'he oojiunon wrong answer given is Z . The Z probably comes from 

310 . 104 ' . ^ 

reading "^^^ as 



31.0 



age Z , problem 14 




Many participants reduce the problem to 



12 
100 



and then compute 



to find an answer. A worthwhile discussion topic: are there methods 

99 

that cU> not involvft dividing .12 by ^rj^ ? 

9 100 



6a 



1 



59 



T 
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V 

» ^ 



12 



A participant may say f dhiiething like, "If yoii had -r in lower brackets ' 



the anawtir/would be 4\ . Taking -j— avy ay from "the denonninator makes the 



anywt!-r a little bijgger than 4, so that when you ttcke lower brackets-the answer 
' is still 4 . " ■ » , ■ ■ ' »■ a . ' ^ • 

Fcjfi"^ those participants Avho g^t 3 ay an answer, Here a sequence that - 

• rt . ■ . p 

< ■ . »■ • . 

may- help: ^ o - • > . 



4 _ 




C7 



-2 J 



2-^ 

L ioo 



, 2 



12 
99 



' L 100 J 



It* necessary, be^^oye dmng the la^t problem you may want to do these two 



tTj = 



^1 



Problem 15 on .page Z can be approached in a similar way. 
Page 5 , {problems 19 and ZO 



1 19) • 



pZ X - 1^ Z X □ J ^ =: 1 V 



Describe, somehow, all the numbers that work: 



(ZO) 



l^ z X n"| - [ ^ ^ ° J 

What numbers work? 



For problem 19.^^11 numbers work except integers and integers plus 
3 ^V'' but neither 7 nor 7— will. 



id negative numbers are suggested by the participants, then a few examples 



courabe done, , Again any negative number will work e:fcce.pt integers and integers*' 

, 1 ' 
plus - , 



60 
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, - ..-9^ , -17| -; — 100-[ all work. -9, -267 , will not work. It 

2^3 -8.5 " .2 2 

\niay be nbetter not to discuss negative numbers for problems 19" and 20 unle'ss ' 

\ ■ ' , > 

thtVy are suggested by the participants. . ' ' . • ^ 

^ ' 1 ^ 

^ For problem 20, inteaex^ and integers plus ~ will work. 

/ " ■ . ■ " .• ' N 



\ 



2 

8i .. 



^ -T—- — : — ■ — — 
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If you find that your group does not have many questions oH this lesson,. 

.. »■ 

then here are. some other things that fou may want to discuss. 



Which is large , ■ . — or . 



1,000 - '•ofo . , •» ■ 



Is there ;,v fast- way of determining which is larger? 
(This relates to problems 9 through 12 on page 2.) 



' ' [" 5 X □ 1 - [ 5 X □ J =; 0 



' [bxd] - [sx^nj^ = 1 • 

■ ' . . . L/ • 

What numbers work? 

(Compare these two problems with problems 19 and 20 on page 5 gf the lesson.) 
■ ' i . ' ' 



[(5Xd) + ^] - [(5XD)+ |J 



0 



How do tht> nunibers that work in this problem compare with the numbers that 
work in I" 5 X □ "] - 1^ 5 X □ J = 0 ? 

Can you predict what would happen if the problem were . » 

[('5xn) - - /[ ( 5 XD ) -^J. = 0? 



y- .'Iv ' * '"Til , It.'/ * > i 



. J'liTequaUt'ieti .With I^pwor'' BracWa" . 

■ * V,^.-7 > , ... ...» 



" ^ .vi The' qla^siift is a tittlVgrricle trom4:hu Browne School in Wat^irtcvgnyk. 
MuBHute^piuseU^ ;;rh<:' tca^ht)* -in Fra^c Corcoran, He had rhejt lllilt-' 

thi.4 cUhs -^Vwo. proviovi^!^^^^ The film watj made in iJu-^- spring o^ 1967 . ' 




W.hy ii:> ^O'ithe only nvi^^tber tried fjor the problem •( + 5t 0 2 



' / * ,biscu{^sioh of thisvC(^ue>stion aho.ulcl include ideas such aij: this is..^ 
t.onoher 'i) 'prevc%ativt/,i:and k day he, might do it differently by askimg 

• \; -vfor^ ot-hjL?r nvi,ri;i6erk that W-t^^^ Hip>^i?iiigh^ also come back to this prohleJ 
_ , , V id'grafSK the ^Solution. v^P^^^ teacher felt that by 

students kjgtew all the , 
dwell on this ' » 




the ne.Nit day aiicfgrafSlo^ the Wolution/'vPj^r haps, t 
'^ivirtj^ 0neruN;4in'iple 'ai a,:ia.umbei*. that worked the 
• m.inibei^:j> thatV^VArked aiVd it ^w.oulcj ;]>e- <i .^^^ of lime to', d' 



'Vt'n theVnr.Q.hlem Ni'-, ■V-'-*..' ' y*-^' ■■ 



* *' ■ ' . '••Ves, '^^^^^^^^^ nurriber in 1:Ha,-1?ox. However*, 



if.-* , ' 



it.>j)peaWcl obv.i<^us fili ille film-lhat the<>«?fudents meant the^ entire fraction 

' ..V- . . ' " ' ■ . 

wai3''tt? be', ? or that. 5/ wjia to go iht.o the box. How would you handle > 

v^.,^ . *■';■:' ■ • . i . 

this tyj.^e of\<in.^5Wct ih yOUr class? ■■^^'V 

Whe'n Tpriiiny go^ps to the board, to greiph the solution to j^n + ^J"^^ 
he rr^a^rks only the whole^numbers, which.is wrong. What could he 



* * have b.f>en thinking? 



• c , 
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I 

• 



/ ' possible ^ Hih 

r / 0 



lie l!rct*t»lemj:-t^ do: ' v .•'V' 'y-i'^J. ' ^j;";- '•• V.-;:' • ''>-'.-' 

,| ''sif*' '^^f 



:^!n the (ikiy the,4'^i ut I or^^^^ 



•...'^v '•"t ■■-■^ -4-^.% ' 



; (iraph the sol-utibri.- , L. y^ ^ v 



In thcj'ilm the .Boluti^ons of the p^pbl 



* and *. 




1:.:) + 



1 J ^ 




an* graphcd. /'rhe group might profit fronn graphing 



and 



< □ 



\ • 
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Ninth Sessipn 



Iiac\:w38ed in ]Dvr;(Jvioiig. irtstitute^i . 



1^ 



Pai^ticipityit H f * is ^vi^ t^^ 3, -If yo\i. go^ * ' , 



i*s (livv^^ij^^Je by . ^oage 4)S:/bi. the -^ppvt-ectoi^j^i^ Guic^^^^^^ 



^rl3 orv- 









■"•113. ' 






\ u_tw ; ^ 




Mw" •,• r.; 1. ', > .n ■ ' ■ ■ [ 1 



• ...» 

* ■ "f. 



row, under 
ari^ows to 

> th(Vrigbt..'.jand arroW^ a^dS' 3 ^ add# 9* 

, •'• IMiat ll;^ an.d .n'<^^^ to figUre out whore 

• o-t;e \u6%e at^pwVtukeB .youi Sinct. 104 js'^in the same relative 

; po^ij^ion a Si, ^i. x/r. 5 , thxvft oniv'iBioro ■ ari"6V adds Z more. 



F|Hint&%^^^ .^Jt ri^ulthi^^^^^^^ a multiple of 3 and a)l mul- 

•tlplcH' toprbw. ' 



■•■■lil^^Pa'rU^^ Ohj iivwdulci have t'P b.Q 115\m 

• ■•-•V-. ^ ■■"'•A '. ■ ^mk 



irijcipant *C}: . "W<>'il, •I ^^ot 'I'lG for problem 14,, and if I do. what wa*s sug^fe^tid 

'.--yk}. - " '^^ v f0fl proHc'mn'i / my an should be right. 



14. 



105 
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Participant E ; You're forgetting that 105 xb in the top row, 




Participant A 



Oh, of courld IM land on a^dot! ' 
'Is 50<ith<! corrocT"an6wt'r for problem, 8 or\\>Ag^ ? 

— I — V . — !=n_ 



3ook 9 



SOI t 



Participant B 



Kvvry iiinv you go up a row the nuaibat doubles, so your 
answer would have to be 501 doubled. 



Participant A: iX's l,OOZ. I see. 



Participant C 



Dotvs |on\eone have a general. method fofr finding Aut what row 
a nvunber is in? I couldn't seem to find ^ patterij. ^ 



Participant F: All the odd numbers, are in the bottom row. if you want to know 

what row Z,7Z0 is in you keep cutting it in half, ' 



Participant C : But how do you know when to st^p splitting? 

\ 



Participant F 



Parlieip.int C 



''m>n you ijit an .odd numb 
(4i'd Ko/ 1.360 , 680 , J 



umbor you know you're in the bottom row. 
340, 170 , 85. You stop there. , 



Oh, I s(je ! Then you climb back up. 8B, is in a , 170 in b , 
HO in L , 680 in d 1,3.60 in e , and ^,720 in f . 



/^^vrtifipant V : Right 



(Note to moderator: Quc'stion l?> on pagg 7 is well worth discussing too.) 



23, 



Teacher; "How can you tell wHfjit to add 
when you move one space to the right in 
some giv^n row?" 

■ ^ 

Student: 



* J* ■ I ■ 

Wr hrivk' Mru' ludt'il rt*asona^)ly roi^ipUito anMwers to probftma idl arid • 
in tin* llpUo^iu*. 'V\\\h will give toachtira a chanco, bcfotii the discussion 
l<< MUiH over any (littereiuur^ botwean tluMr ^rj^^j^-pOTi^^ . 
seutird in the Kptl()i»U4t. Wi^ stress thatJmere are many ways to show that each 
positive inte^^M' appears exactly oncc/in the lattice; perhaps some of the par- 
ticipants wiU have shortt^r, niori* ^complete or more elegant explanations, j^nd 
tht'y shouUl be encouraged to sha/e them with the group, Un particular, some 

te\chers may use/the so---cal led/ l^'undamental Theorem of'Ar ithmetic- the 

theorem which Sclys tliat eveny whole numh/6r greater than 1 can be written as 
a pr()(hicl ot prmVc numberyand that, except lor the orderfin vyhich the prime 
nuinbers appear, \bas_tas:^rization is unique. If this theorem is used, both 
probltMH 11 and problem 'VfZ8 can be explained simultaneously. 

Answers like '^Well, it's obvious*' or ''The first one hundred numbers 
all appear just once, so probably they all do" are unsatisfactory, Qonsider, 



for tv\ampU», tluv-y» two numi>j.^rs: 



U3,Z99, 131,5J1,18Z,514,'899,1Z4,ZZ4 




r and U3,Z99,13l,^l 1,18Z,514,»Q9,U4,ZZ5 

The iiutnbers art* so cIohc (in comparison to. their enormous/^i/,e) that for all 
practical purposes they are*the same- (Biit they aren' t equal, of course!) 

riuv first ot tluvse -numbers is th(^first number in the 91 st row, whtch would 
be about 4 teet up fif the numbers . in the lattice, are spaced as they are in the 
writt(?n lesson. The oth(*r number is odd and. is therefore in the bottom row— 



about SOO ([uintilUon tniles to the right!. That two nvnnbcirH so widely sepdratt 
on the lattice should be so close . numerically luggests that'''st)me vtvbn larger 
rjumbe^r i;Uf^ht appear twice, in two even more widely separ^ffced positions, . 

Huti as the Epilogue shows, each positive 1^;iteger appears exactly once. 



Filni Diacuasion Notes 
"A Periodic: Lattice" 



Book 9 



■•-■/■ 



' P r t ' i i n u n . i r y " i t' o r t na t-t o ri: ' ■ . 

In this tilm you will soo a hoterogcneoualy grouped class of fifth gtaders 
'[from tho (ajolid^(;-}:|chool in Watertown, Ma.ssachusotts . The teacher is Phyllis' 
KJein? Sht; liad mot with the claws <d8 times prior to this film, which was made 
toward the cud ot the school year. A reproduction of the lattice in this" film is 
on tlu;,t'irs.t pagt^of Book 9- | Film funning time: 35 min. ] . ' ' 

Why is the lattii;e in the film called a periodic lattice? 

■■ Note that the word "periodic" was not used in the film and was not 

necessary. The childr<!n Were using the properties described be4-o\y^ tp solve 
•tho pi-Oblettis, h'ut neither they nor the te4c)iers in your institute vVotv^d have , 
benefittod nitu h by havmg these properties described to them at the*Trutset. 
l.at<'r a tovu hor or discussion leader.might ask if anyone wants to try to de- 
scribe the "periodic" properties of the lattice. 

' The first thing to notice is thi\l eyery number in the lattice has a position 
in .1 backward L-shapod array: 



4 • • 9 • 

3 6 8 



15 



14 



• • 19 • 



11 IZ 13 16 17 18 Zl 



0') 



/ 
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and that if we add 5 to any number in th6 lattice we get a number which has 
the s.ime po,sition as the original number. . Thu§, for example, 14 and 14 ,+ 5 , 
or 19 » occupy the sawie position within their own backward L-shaped blocks. 
Since adding 5 does not change the position of the,number, adding 10 or- 1^ or 
any other tnultiple of 5 won't, change the position of the number eithtr.." 

The second thing to notice is that adding 10 a whole number does not . 
change the last digit. Thus, 847 and 847 + 'lO » Q,r 857, have the same last 
digit, 'naftieiy 7 . (This property 



is not a conseque' 



lence of.^the latticei but^rather 



83 



67 



•Hook 9 ■ . ■ I 

.ot' the way we write numbewi.) Qf coura4, adding any multiple of 10, sue^ aa 
1 1^ . ".i^ <^r 1500 , doesn't chanj^c tho last digit oithor, 

- — :. CoiTiWim"ng''th e'a e * re'B'ul 1 1^ w(v M-m 'that • vatldinjg*-tt)"^w"any;'mtittit)liK ■ '6t •-i-oi~-""^* 

changes ntiither the poailion of the; numbex' within its backward L-shaped con- 
figuration nor the last digit of the m^fmber. ^'Periodic" refers to this repetvition 
ot* the last digit and position. It is this periodicity which makes ques'tions like 
'•What row IS Ui468in?»' and "What is 23 ^ ^ > ?" accessible to fifth 
gratUM\s, One can 'tell a lot about what happens far out in the lattice by exann-- 
Ining the first part of it, ^ ' . 

Probably none of the children in. the film knew ^precisely why the methods 
the'Y used worked; and there is no point in reciting lengthy reasons , The basic 
ideas of periodicity mi|ht become clearer to teachers if they attempt to answer 
a few ot the same questions that were asked in the film, but using a different 
lattice. You might try this orje: 





• 


7 


• 


• 


• 


14 


• 


• 


• 


n 


• • 


• 


6. 




• 


• 


13 






• 


zo 


• • 


• 


' 5 


• 


• 


• 


iz, 


• 


• 


• 


19 


I. z 


3 


4 


8 

• 


9. 


10 


,1 1 


15 


16 


17 


18 


13,4^8 


in? 


What 


is 


13,468 


— ? 


What 




Z3 - 


( 30 1 ) ^ , 



Now try to answer the same questions on a non-periodic , lattice^ suth as this^one: 















15 


ZO 


• - 


10 


14 


19 


' 6 


9 


13 


18 


3 5 


8 


IZ 


17 


1 Z V 4 


7 


11 


16 



" , Periodicity cart mkke a gre^it difference! 
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I^ld the teat: lurr make a uiiHtakc vyhen alu^ wrote llfe 

■• ■ • ■ > ' ■ " 

— Yes. ShV nusml to wr itt' 1 — " | • 
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Ihe'wr Itirifji at the top of tht> screen 



..V. tf.uher wrott; H * * -* • 

r«n'or(k«|| tilt: problftn a.s H ► - — ^ with a apAct; between the two 

j-roup.s of arrow.s. Whicii is belter io use in the eJLass rootti? 

'V 

s~ TeachersyWill disagree on this. vSome may feel that separating the arrows 
iH a j-ood ide.i.j at least in, the beginning, while others, w^l think that it's an un- ° 

r ■ ' • t , » 

necessary cri^itl:h, There is no' "right'jf way to do it, ^ " : 

C'uM)rgo says that if you li^ve a numbt;r followed by an arrow with a ^ over the 

arrow, you "triplf it". To firid out what '"it" refers to, the teather'' asR« hi?n 

to do 7 — * , and he responds with Zl . The,, surpr is ing thing here, is th^at 

he's only off by 1 , oven though he should have tri|jiled 5 and a<;lded it to 7 ., Is ' 

thfr<' a number in the lattice for which George's method wou'l,d work? That is^ ' 

( 9 ) 

IS there a number which makes l-I 



^ 3 X n,- true?, 

rcaclujrs shaulrl b(? oneoura^e^d to give reasons for the apparent non~ 
exustetK:t- of Hwch c/nui7iber. Going 9 spaces to the right on this lattice is the 
same at? adding 1 V> no matter where you start.' ^o the equation above can be 



rewrittt»n as 
I 

L 



+ 1 S 



- 3X11^ The only way to make this true is to put 

1 in the boxes, but J- is not in th# lattice* ^ t / 

^ . /V- ' u . 

In explaining how he got an answer of 160 for ■ 10 — ^ ^ > /Charlie s^ys, in 
part, that ."each JO equals 90". ^Should the teacher have let thi^s go by without 
Jiny clarification? . ^ <: • ' 

^ Phis q\iestion is debatable. Mow would the teachers in ybur institute have 
handled the situation? ^ 
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Buok 



I' 



'SvM'Viil cbildrrn in thv, film gave 110 a.s the arnswer to 10 —^^-i^ 
dors this aiiawe'r conu* from? . * 



Where 



This is it wrong answer which the Arithmetic Project ha^ never been 



<ible t(3 explain. O.f cours e 110 ij5 10 I 10 + 90 » but why' the students 
oo^blt'cl the 10 is a mystery. The Project would be delighted to'^hear from 
anjfone who has an explanation! 

When the prctblems get as hard as 10 — ^2!Lh^^ sonie children will just add 
It he U) and the 90 . lY'ache.rs should not feel discouraged iT this happens, Chil- 
llr^n havt» learned that sometimes the add-everythirig-in--sight technique works, 
And It's* hard to break them<>f this habit. . ^ ■ * * - 



( ■ ) 
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Film Discos tj ion Notes 
"Surt'aco^Arcu With lUorUs^^ 



t ^ r li tivi iiii r y in t d r ma t i on ; \ , . . 

The class you will tiee in the film is a' first grade from the, James 
Kus.se II I ^owt?Ll School in WHtor^own> Massi^ch^setts , It is a heterogeneous 
group* Prior to the tll^ning thfe children had be^n taught arithmetic 
OKclusively by Project teachers using Project topics. This is/in contrast 
to the classes seen in other films in which the children had had limited ^ 
or no exposure* to'Project topics. 

Although they had Nyorkfcd often with blocks, this is the first; |ime 




the students had consi/l'ered surface area.^ ' . ' ' 

The film teacher is. Phyllis R. Klein and this is the first time shj 
had taught the class. [.Film running time: 25 min* ] 

D iscussio n after the film: * • 

— - ^ ^ - ^ ^ 

Ther^ is no formula to insure that a lively discus siyfTwill fo.Uow 
liny film. Many moderators, impatient for such a discussion, feel that 
by brinji^ng up lots of points about the film an enthusiasm for discussion 
will spread throughout. the gfoup. Exper^nce sho\0^ that this is hot : 
usualty the c<ise. Before the moderator brings up anything the participants 
should be given ample time to bring up their own^ discussion points^ If 
they do not,, then the moderator might try mentioning one or two' significant 
points abo)it the film. vShould th^re still be no discussion it is'probably 
b-i^st tb give up and go-on to something ^el^e, . : 

The following is paft'of a discussion'recorded at an institute given 
in a suburb of Lowell, Massachusetts^ . 



Discuss ion 



Moderator 



Does anybody have any conmients 
about the film, or questipns? 



Participant 



I have a few I wrote down. You said 
they were first graders. They know 
their addition pretty well. It seems- 
to me they are still doing this in the 
first and second grade. They knew 
l>ow to count by 10 and 6 • The first 
one got 42 without any problems at 
alU The girl, Eileen, who had a 
problem adding 6^s , is going to be 
lost at the er^d* What do you do aboui 
childten like th^t? It setexjKs to me 
these children are awfully bright* They 
are not an ordinary cl^^ss. 

Didn't you say it ^a.s a third grade? \ 

' ■ I 
This filra was made last year? For 

that matter, one of them knew fractions • 



A lot of children know that. 



This ^as tnacle in May sc/'it was 
prt*tty ^vell along in the year • 



Doe^s anybody teach first grade in^ 
' the group? What is yoiir reaction?* 



I^Ut th^y knew it wa?s. ♦ 



They had almost completed a year of . 
the first grade;' 

It seems to me these wpre awfully large 
jCj^umbers they were adding in their heads, 
Eileen is really/going to be lost; if the 
rest know how to^add and shfe doesn^t^ 



Mocjtvrator 



Book 10 



Participahts 



Mostly, th^^ teachiT was vising y^low 
bloc:ks, hxit I think Mhe did usc«a 6 
block on two occasions. (Moderator 
got out tht* la rge blocks*. ) Have any 
ot you eveV used them? 



1 think tht.'y could do it if they lijid the 
preliminary wm-k. It is just what we 
do,, but w(i doi^t have all those blocks 
to work with. They learn to count by 
lO's • A lot of kids know 6 and 6 is 
1^ and wtvdid quarters and halves in 
other ways, so I think by May they 
would be able to do this, * 



A much larger majority of the kids' 
were working with lO's and 5's 
rather than 6's. 



1" 



The small one's. 



I would be Interested ih seeing them 
Litroduced to something like this. ,,How 
qp you start tkfese firBt graders? ^Just 
tne concept of putting acjross what a 
block is and how many stamps anould 
'be on each side I think would be some- / 
thing. 



I would like to hear from somebody 
who has used them, pdrhaps how they 
introduced them. I am not usually . 
tea c hi nil a tirst grade. ' 



used them in fifst grade. They 
started off with one* unit and built it Up 
so they, could see the 10 block was 
composed of / 10 small ones. That is 
how , we introduced the blocks to the 
children. 



1 started with ^^he very^'smallest blocks* ! 



Bomk-lO. 



Mudt^rator 



In llu' t'llni you saw-'mst the lai^ye 
, bloi kH. Very ni'lvn with a claswAt " ^ 
irs best 16 Irt. ihv vhi\(\'vv.r\ have fionie 
Hinall ))h)(:Vs -^o ihvy ran do it by ^ 

took the lav^v blorks lo the i r -cies ks . 



Participants 



/ 



\ ... 



t 



Ycni gave thftn some time to play 
with them? * 

.1 



Do you really thj^k. it's necessary 
to give tree time to play with the 
blocks? . 



We used a different method. We gaVe the. 
. childretn the entire ailid let them 'pla'y 

with the whole kit. They could *stack tifiem 
„ lip and form an idea of hoW,.the blocks relate 

to each other and what they represented. 

■ ' '■ ■ ■ ■ • ■ • • 

\ Several weeks . They wovild be given free 
time to play with them and, hoptjfuUy, to 
. woT'k ctfnstr-uctively with them'. ^. 



etc . 



\ 



Uuc stions Uu; ^ iuu(U; fiVtur tnight l>r iug up: . 



1. 



Quetftion: . , « 

■ I^vid had given the answers to 4 yellow bldcks ;" 

••. ! ' • ' ■ i ' 

Htacked togetho'r as 5ij and when askoid, "What's.. 
. ■ -a^ good way of doing that? " he , said, "I didn't get 
a good way of doing it. I jxist counted." 

V Do you thfnk he really counted/every one? 
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.4 



< {' 



'-4 



r 

(YullofW blocks are 
'5 .unite *long.)^| 



Quo at ion: 



t ♦ 



^ I)o|» any^no huvo a 'quVck way of finding ^urf^cci - ■ . :. 
iiroa tor blot:k8 sta'ckticl an >ihown in the picture . y .' 
.so the tt/acher wilj always be ah«jacl of J^he child-, 
rort with the answer ? • * 



Question: . - : . 

Whoa tho cUisirf llrst discovered it took 6 stamps to co^er-a white; 
block, they were then shown a red block and Dennis imniediateiy > 
snid it took l^i stamps to cover it? What might Dennis have been 
thinking? ^ / ' ' , . 



11 



Question: , . . • 

When the class wiiS shown the orange blpcktind askfe^ how many 
stamps were needed to cover it^ Stephen answered witK a.'quick 
100 . What could he have been thinking? ^ ' 



ERLC 



r 



y 
/ 
/ 
/ 
/ 
/ 



Question:- 

' ^Xhe teacher' ended the class by having the children 
think about 8 yellow blocks stacked this way:' 

What is the surface area of that figure? 

Question: - • , V . / 

fa) In the t'ihiv we saw that a half white blo'ck can b6 .^^py^red by four 
stamps. Can you cpver a half block with, four stamp^with^ ' 
' • cutting any statnps, i.e., by^olding them if necessai^y'?. 

: ' , V • . ^ 

{ ^ \ How many different w.^iys can it be ddnci (if>t dll)? . 

* * - ' ' ■ . * 

' Can you do it Jjy folding pnly One q£ the stamp ^}?\ Two of them? 

* ^ ' *^ . ' ■ ^ , ' ' ' ' ' '^^"r 

^(b) A quarter block can^be covered with three stamps ii you cut^ 

* . ■ • 

• . ' them up. Canr you cover the aam^ blTock witjhiovit' cutting any 

■ - • . ■ ' ' . ^ ^ - ♦ ^ ■ ■ , - M • 

. of the atartips? , . . / . ^ j 
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Eleventh Session 
Written Lesson Diacusaion Notes 



When working with artificial operations, the moderator should be p're^ 
partxl for contusion w^^on definitions arc written Us ing frl^mea . By. chance, 
till of the definitions given in the written lessonawere written'ueing first □ 
and then A . ' Bat- □ •)f A = *0 + □ + A could equally well have been 
written A:5f '1 ^ A + A + R or 0 -Jf V =' 0 +0 + V'. 

Participants often ask if the artifijtjdal operations invthis lesson (such as" 
^© , t s/ y etc.) are of any value,; or iflthey are just games. The moderator 
ulight comment that children'often look upc^n them as games, but that ,they do* * 
have mathematicaUsigyificance. The commutative and^ associative laws may 
not look very impressive to children when they are told that 13 ^. 5 + 13 

or that ( 9- + 14 ) +' 16 r 9 + ( 14 + 16 ) . However, to decide whether 
C Z © 10 ) 0 = Z ( 10 © ZO ) is a differetit matter. We see that 

(' Z 0 10 ) 0 ZO does not equal Z 0 '( 10 0 ZO ) , so we say that the oper^ 
ation ® . is not associative. The modervator may wish to bring this out by 
putting problems such as tl>e. following on -the board for comparison: * " . 



3+4 

♦ 

3 -Jf 4 
3^4 



^ 4+3 



^ 4 -X- 3 . 



4 V 3 



.6 + ( 10 + 7 ) = 
6 -X- ( 10 'X- 7 .^) = 
6 ^ ( 10 V 7 ) = 



( 6 + 10 ) + 7 
( 4) -X- io") ^^- .7 



( 6 V 10 ) V 7 



" ' • In tho lesson fl © A 'is defined as "the number halfway between □ and 
A" ;. it is also defined in the following way: • , " , 



□ ^ A . ^ 



□ + A 



< 



The difference between these two methods is not trivial in practice, even though, 
the rei^'ults are the same; for example, it is easier to find the number halfway 
between 6*7 and 7 by» just .thinking of the point halfway between thew on the nutn- 

ber line, IV would be more difficult to find their sum and divide by 2 . On the . 

■ . ' ''I 

other hand, for moat people it is easier to find the number halfway betweien 

- " 1 ' ' ^\ ' ' 

l,00p-r and -4 by dividing their sum by 2. • 



Paae 3 , problems 16 through 23 



Book 1 1 



16. 

18. 
19. 

ai . 
zi. 

23. 



( l © 3) 0 6 = 
1 © 1 0 49 
20 © 20 0 2 
6000 © 0 20 
50' © 100 © 12 
a © 400 © 400 
14 © 18 © 14 



I. 



In a student's words, what is. a good strate'gy to 
follow in doing the preceding problems ?' 



< 



Ax\ interesting question that might be askdd about 
^'3 i^ this: if the rules for these exercises^ere changed so-that you could 
rearrange the numbers, would you get different answers ? 



problen>Sr> 16 tl^ough 

ad so •that \rn\\ nnnlH ^ 



Doing problem ZO as it stands gives 

( 50 © 100)^0 iV 
, • ■ , and 50' © ( 100 © 12 ) 

Now rearrange the numbergr 

' ' \ ' " ( 12 © 50 ) © 10-0 
12 0 ( 50 0 190^ ) 



52 • 



43 



■ 2 



(This is the same, as ( 50 © 100 ,) ©.-12^, since © is comiAutative.) 

' ^ ■ ■ . ~ -^^ '/'*■■ 

( lOp © 50,0 © 1'2 = " „^ • V' 



Predict answers to: 



100 (5) '.( 50 © 12 ) = 
( .100 © 12 ) J© 50 . = 
100 '® ( 1^ © 50 ) (' 




You can now find all thtf other ways to axrange the numbe.rs problepi 

■ • ■ ' ■ . ^ ■'^* » ■ ■ 

In all there are fQAV^r than 15 ways. . / • 

did the max^nn|||||^chAnge? Which arrangement (or arrangements) 

large8t\reiuU? ' , ' ' ' , 



gaV^e 
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I 

f 



Participants often 
there are various ways 
who solved Uife^proble^tn 
what happens on each 

• . . . ^ y ' 

Here is ^['^o^^ 



A key tP^4oin(g problcj^iftytn^v^^^ 





Iteration 



prbbrems oh page 5, Since 
>bl4m3/ by^ all moans ask people 
did It, CpmnhiQpt methods involve 
you val:y ^Jl^t you put tfi the box. 

y jr \\ ■ 

^calljCat * ' 

□ >/ A ^ max(a,A)^' 
>/ is to realize tHat 12 >/ □ , 



Jor exanmle, is. bjth/k): fl Z p .J^Tdi^M of the two possibiliti^ leads to an * 
equation which dxj'e/? ri/t iji^v^olYi^ The r.odts of these tWo equations may or 
/•'iTliay hot work^idi theyOri|jip|^ the trial^roots^ust be tested. , *. 




■tj 



'V ' 12 >/ □ 



T 




□ = rriax(12,P) 



IZ or n , whichever is larger* 




1 . 



S^ee if 5 works in the 
/original equation: 



12 



•Jf 2 i 
12 ~ 



12 V 



*j works. 



12 



Try ^ Z 

Root: -2 



□ 



"See if ^2 works in the 
original' equation: 



-2 



2. = 1.2 V 
-2 % 9t 12 
-2 does not work. 



I^i facti 5 is^the only numbef that works for thi« problem, 



90 



Problenru 18 , pat^e 5 



I 



.( 3 X n ) s/ \Q 



T 



df 



( 3 XLJ) s/ 10 ^ max( 3xn . 10 ) 



• • • * 



3S5< □ or rO\, whichever is larger, 



I 



Try □ 

Root: 4 



•X- 4 



3 X 



□ 



See if 4 works in , the 
original equation: 

[3 4 I (6X g] ) / 10 



4 works. 



Try 1^ -X- 4 = 

Root: 3 ^ , 

See ir 3 works in the 
original equation:*^' ; 



10 



-El 



•X- 4 = 

10. " = 



( 3 X 

v.- 

10 



3 works. 
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Pr^Iem„<^19, page 5 



fD ^ Z 



( 3 X □ ) V 10 

t 



□ -X- 2 



3 X □ ot 10 , whichever is larger. 



s^^Tly □ 3xQ 



Root: Z . See if it works in 
the original equation: * 



2 I 



( 3 >< 
I * 10 • 
2 doe« not work. 



) V 10 
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Try -X- 2 = ' 10*' 

Root: 4 . See if.it works in 
tl;ie original equation: 



•X- 2 = (3 
" 10 ' 12 

4 does not work. * 



loo 



79 

y 

/ .. . 



■ / 
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. Pfoblem <rZO , page 5 



'4 



A 



( 3 X □ ) /(/ 10 



^ In cliscuasing problem iir20 y the modeirator might find it^^seful to. point 



out thvat by seleoting different numbers for , oi;ici c^n generate jj^oi'e problems 
of tVe iiame type as ifcl8 and i^r^^ After finding solutions to several §if these, 
a pattern will become apparent/: < * . 









number. in • A 


/ 


number of solutions for □ 
... .1 


-r-^ — - 

■ . 7 ■ ' 

/ . * 




two ' 


■ ■■ 1 . ■ ■ / , 

6 ■ . ■•• 




* 

. two * 






4:wo 






two 


■ 3' ■ 

• 

'2 


d 


• ' noflie 
none 






none ' , 


0 . 




* none 


• 


* r 


none 

4 ■ 



M there does, exist a numb'er for A whiyi will give only one 'Ablution tfor □ , 
it would appear from this to be somewhere between 3 and 4 . Fur.ther trial 
*^,,,,«r^d error will quickly show that such a' number \s 3- ^ i 

Another approach to problerh T^rZO is to realize that whenekver there wefe \ ' 
two ablutions for □ , \t wa's because ( ,3 X* □ ) </' 10' hfad two possible answers, I 
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accordirig to which part qf it^was^larger • If both^parts tvirn^d out to be the^same 
. thqre Vo^ld be at bqst H^nly one solution for □ ^ and make this happen by set-^ 
ting ^ X D =r 10; I on □ = 3-| . Now we have 

:= 10 V 10 - 10 / ' 



j 9 



1 



&11 we need to ^ is solve for A 




t 



T.. 



7T 



Partlcipanta may bfe curious as to wHy 3-t 'is the only number for A. 
that' satisfies the eojiditions iTf this problem. Ifi fact, we might gu^ss frorh 
examining the table, on pkg^ 80 that foij A equal to any nimber larger than 
3 J , two numfcers will always work in' □ . -These t'wo^umbers are A and 
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10 



■ A 



The moderator may wish to check that A and* '^^ w^ill give 

the two numbers thftt Vork for Q . W can do this by makin'g A equal to. 
100 i for example, and checking' thai 100 'l^nd "45 both work in the equation 
□ -X- 100 = ( 3 XD ). v/ 10 . ' * ' \^ 

. In problem.-sVig , page 5, A is equal to 2 , " and ;ho number works in □ . 
, , ■ ■ . ■ ■• ... 

The moderator ttiaiy w^nt to ask participants to predict how many nurnbers 

would work in U if • A = 2- ; if A ^= 3 . 

• ■ .2 . ' ** 1*. 



The operations that we have calleci circle-dot, star, and/ch 



eck are 

^^"^^Y operations. (You h;ave to use two. numbers to get back one number.) 

■ ■ ' * ( ' 

There are also s.ingularv (or unary ) operations. In these operations, only 

'. ' f 

one nu-mber is given to get batk dne number. The moderator may ask parti- 
cipants to suggest dxample a. Absolute Value is a singulary operation. 
Finding lower brackets J)ra nO^riber ( [ J ) and finding th^positive. square 
root of a positive number are other-examples .of singulary operations. 

: ' . ' ' ■ y . ■ - ■ , ■ ♦ 

• Both of the operations ® and o in thfe Epilogue to the Written lesSbn 
■ ■ ' \ • ■ ' 

krc commutative and associative. 'If the participants are curious about these 

operations, the moderator might ask them to invent other oper*tions with . 
four-by-,/o\jir tables that are 



and 



( al^ neither comnnutative 'no'r associative, 
(b) lj:ommutative but not associative. 




Firing an operation that'is aBsociAtive but not commu^tive, vv^Mile' possible, 
i« a much harder problem. * ' '. " ' , 
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4 



81 



• « 



■ y 



■^ Book.u %\ fc.-: " v:^:' ■/ ':■", 

.,At .'-'T rule a wins ajid a|t '^^'^^^^ ^ wijis. Participants may bec6rhe 

\ - • . ■ ' . 1 1 ' . - . . 

. ' curious about the' tie point between and • There is indeed "a tie ppint, ■ 

but it is hot a rational number . FST^bur 

*. ' analysis; It isf r^ot necessary that participants See it. To ha\^e a tie the land** 

' in^ points m>a$t be eq<aal» 'This gives the equation ^ ' .. ^ 



4 4 



I I ill < I I • ' , 

- 1 = 0 



□ 



or . I I X I 4 >Sc 



Tfet 



s is a seconB^degree, or <^uadratic, equation. ■ Using the quadratic formula, 



V we get 



1 



or 



Q^'^^ 2 + Zn/T and j~| = 2 - 2n/? 



* ; • 1^1 

TJ^e ro^t' 2 ~ 2n/^v is the oi>«^lh^t is between^ , 

/ . Of course the elementary schoorteacher need not know how to find the tie 



^pointte fo^ such rules, in qik}®^ t^us-e therh effectively in the classroom. (Notice 
that the sequence of probl^mi on pages 6 and 7 'did not ask for tie poijnts, bUt 
V t/* ohfy for whi£l\ rule won a): various stajrting points.) Participants who want to ^ 
/"^ pui;sue Jthis sort of thing further can iDe'' referred to the sectj.Qn on quadr^)^ 

, . .eqi^tions in any ^igh school algebra^book. 



• >- , ■ ■ ■ . ■ 



■ ■■ • ■. * 
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F^Um Discussion Notes , 
"Son^e Artificial Operations" 




Book 1 1 



Preliminary information: >' ' ♦ . ' • 

The' class you will siee in this film is^ a fourth grade heterogenejouj^group 
from the/Phillips ^hool in Watertown,' ^Massachusetts . l(The film. tq9,cher is . 
Phyllis Klein* Mis^p Klein had \VQ^ised'on other Project topics with the class ] 
'20 ^e^s^ previous to the filming. [Film running time: 44minJ 

Discuafeion after Xh^ film: _ - \ . v - 



Ik 



.1. VVh^n th^* class was doir;ig the. problems^. y 

. . ( ,4 5 100 = ■ 

. . and \ 4 *)f ( B'-X: lOO ) = , . " ■ ^ 

they wt?x*e ai^ked to predic^t the difference betweepn the ariswers* The next day. 

the teii^cher again/brought u,p this question, and Robert. S» gave this answe'T: " 

' • ' ■ ' 'a ' ■ ^ . ■ ... : . K.r \: , . • — 

■c . ^ ^ . . . . ... : . - " 

Both the lOO's only got added once, • " . ' 

the two 5|s got added twic^'e, and the ^ 

, • * * only different^ can be in the 4's • ^ Y 

one vof them is added four tinges and ' 

. * . the other ju^t twice, which^ why the 

diff^ence is* 8 , ^ • 

What does. he rn^an? ' Was-his thinicing c>orrect? * ' \ ' ■ 

,11. ) The'last pd-oblem in the film was to uSe the numbers 100 , 0 , and 51 , 
and oxie \/ f^c^ne "X- , and one ( ) to get the biggest number. Did anybody figure 

it out? Can you* get the biggest number with more than one arrangement? 

■ k ■ ' ' ■ • • ■ ' ) 

.'■ y <^ , • . ■ ■ , 

• ' ■ '«* 

HI. . Qj^^'While the class was "working on the problem 

* ^ / • " " * . ^ 

' : . ^" ' : / (,□ ^ a ) ^ o = 21 

Che teacher was getting whispet^ed answers, she said th'at some people . 
were doing this problem instead; 
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What answer we they getting and how were. they getting it? 
A.: It is surprising thStt t*hey did pJo^V. the prpblenru • 



□ -H- '( □ -X- □ ) .= 21 



^cause in some ways^this is a mor^ diifi-cult pro];)>lem thah the -one they were 
[vve^/^^ find the answer, we can analyze the problem the. way Bruce did for 

31-.. ■ . ■ . ■ • ^ ■ ' 



. ,.„. o 



.□ -X- { □ -X- □ ) i 21 • ■ 
□ 'X- {□*+□/□) ■■ V 21 
■■...•.( q + □).+ {□+□ +^ □) ^ = , 2«1 



•3. 



■ -so, 



□ 



ap n>igh 



4 



Not^ .^ome members of your group n>ight like to try an extensi>sns*M-this prob- 



., IcSmv^ Here, is one: 



( '( □ -X- □ ) -X- □ ) -x- □ 



60 





1^ 



IV. T^he class found that the difference betw,een the answers for 

'( 10 -X- 3 > -X- \\^= ' . 



and 



2. 



1 



,10 ,-X- ( 3 -X- 7 ) 



is 10 and the differe^n^e for the pair 



and 



( 50 > ,| ) ^ A 
50 -X- ( I -X;. 4 ) 



1 



is 100.. Then the teacher asked the cla^s to predict the difference for- 

(4^5) -X- 10.0 = 

. and • 4 -X- ( 5 , -X- 100 ) = . ' 

■ " ■ _ 

Did you think this question was premature? Were you a^e to^predjct 

• ■ . , ■> ■ ' ■' ■-. ' '■ \ • 

the difference at that point? Did the class, predict correctly? 



■■■ : ■, .V ■ ■ v , ■ ■ --Book 11 

y . The follp wing- points are ^ot .q^iestions that are, lifeelY tp come up', but they = 
may be of interest to your group. V I * 



(a )' . Afffel giving the problem -17 V>"1 8 ^ = ? ,,the teacher gave the 
problem -18 V -IJ = .?• Is' it evident t>at the operati-Qn V:' 
is commutative? . ' • • / ' * • * 




The operation >/ is a frequently used binary operil'tiqn, commonly 
known as "max" (maximum). -• ' " ■ ' / 

>?(c.) Can anyone find general methocfB for solving problems like these? 
• ; (That is, find all numBers^ that iwork iii □. arid A .) . 

^(■(( q ^ □ □ ) % a) -x- ay-Jfe Ei^ = 4 

(' f ' ' . * . ■ . * " * . 

fl^.-^t] •X' (p -Jf (□ -x- ( □ ^ ( □ -x- ,□ )))^ 



= A 



What4 il! the r^ were more boxes? 
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T 



V Twelfth. Sea 8 ion 
Written :Le 8 s 6n pig'cij^sion Notes 



v. . ; ^> — — 

6.' C 3 .6^4 ) 6*^5 V = 
3 6 \ 4 5 ) = 




/ *8>.. Find a number for □ sot/fiat ( □ 6 4 ) 6 5 , does not equal 

□ 6 ( .4 6 5 )■ . ■ ■ / ■ ■ ■" ■ . • . ' • • 

Probleina'6;, *7 and 8 /deal with the ques't{on of \Jh ether the ope ration' 
delta is associative. Sinle'Vyou get the same answer for problerhs 6 and 7 .' 
it lofoks as if the ipcatiop c/f the parentheses''does not change the answer. How- 'V 
•ever, finding orjly one^ number so that ( □ <6 4 ) 6 5 does nqt equal ' a\ 

* ' . • 

iJ ( 4 5 ) proves that the operation is not associative. Ask participants- 
.for fast methods of solving problem 8 . 



Page, 5 , prpb.I^Qis 18 - 



It may be helpful for your froupto graph' on a line' the numibers that work , 
<in eaJbh boic-: • . - ' , 

T ./ . ■ • ■ ■■■■ ■ . . . " 



I 



33 V □ 
l\ V □ 

' 100 V □ 



23 



V 
2 



43 



-5 



100 



26 >; 22 



'-75 



1. 



124 



.1 .' 



-143 



2<7 



Wtfat is tj^e' distance 'betw'eeh.the two numbers that work in each of the 
.y- problems ? Are there any patteims worth discussing? Can ypu^^piake up a prbb- 
0, , / Jem with the operation' "chepk'^ .similar to those above so that the number^ that 
/ work are 56 and 96? Can y©u maiWe a problem so that only one number 
rka,?; • ■ ■ W 

86 107 



■■/ 
■ I 

>4 
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Page 6 . i^roblemg 28 - 32 



v.. ' ■■■•On^ is by- com^^utpg the answers,'' using a 

/. jiriaa anderror apprp^ch foj pxobleins and'^32. Ajn alternative approach .V 



■follows: 
28.. 

< ■ V 

/ 

./■• . 



. i the distance > 

■ ■ o ■' 

betwfeen 5 and 20. 



,+ 



f I "this' dista,nce' 



5;. 



r, 20 
PLUS. 



.* (20 V 35 ).'' ; 

^ the, distancQ 
b^itween 20 -and 35 



1 
I 

'I 

■i . . 

I. 
I • 

1 V 



1) 



• I, 

1 



■." 2 thjls distfince 
J « -i - y - - - - - > 



20 



35 



■ 'lS^TOfc.3AME^AS 



— ^^hi^ — ■' ^ 



' 2 this dislfanee 



'J.J' 

^-^Hr 



.7. 



■^35 



f 



rProblems 29 and 30 ckn be illustrate ip' a similar -^"^an^ei; .^ Notice 
that in all three pfobleirxp th.^ numbers 20 21- , and 31- occur inside the 

rogionl^^tw^en .5 and 35'. 

• * • ■ ■ ^, ■ ■ , ' ... 



/ 




*9 



< 



1:Q3 
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^^^ •31. MOyO) ^90) 10 n/90 > * 

: ' : \ • 'FoJ^ia problem, B^posfe □ is a numbey^ between 10 *and 90 . 1 The 

*■ picture would look like thiie; , ' * . * ' 



' ' '■ '' ' ' [ 

0 i thi^tlistahct} ' PLUS' i 'this distance* 

, .. - ^■ 

. ■ " ■ ' ■ -T 1 -T-- ' ■ ■ • 

;./• -r^:t-''' " - V ' ' ° -\ • ^ / 

■ / ■ • . 4 v • ■ . . . . . 
./ ' ' V SHOULD M TH^ SAMt AS 



2 ^this distance * ^ 
^ — — — ^««-^ — -M- — — . — . — — — — — — ^ — ~ — «^ 

■■ | / '- Ifr . ' ^•"„: . , ■ " / , . "l 

. V 10 ' . * ' . 90 

"... . # ■ . ' ■ ■ , . . . 

Now suppose that □ is a number outside-.the region betjween ,10 and 90 . If 
you Ifraw a similar picture, you will see why no number outside the region 
between . 10 and ,90 will give the same -results^ 

. - \ ) V ■ ' ■ 

\/ ■ . . ■ . ■ v ' . ■ 

Page 10^ problems tViq and VVll • ... 

Ml."** □ D A, I n| ,® A . ■ ■• , ■' •. ••■ ' . 

The operation ih'probiem iir 10 is commutative. The op^fation in problem 
^11 is not commutativQ* Ask participants who attempted these prqblems to de-^ 
scribe why this 'is so.. 

Page 11 » problems ^TTZ^and t^l3 



-tfrlZ. □ 6.A ■ = • □, ® A- 
^ 1^13* □ V A . ' □ ® A V ^ ' ■ 

For teachers who are puzzled by these'problems, it might be helpful to 
. / translate the mathemajiital symbola into ^V©rds. 

. . ^\i> A - ' □ ® A may be translated as: Look for 
•,t , ■ / nujrrtbera whose' average is either zero if they *re 'different, 

: ^. ' ^ or one If the^'^i'e the oame, ' ^ 

Y • I □ s/ A a □ ® A may be worded as: Lq^ok for. numbers/ 
" : »9 that; half the distance between them eq^all' their average. 



Bbok i ; 



• 5i 



• Film Discu^sigm Notes 



Frames and Number Line Jumping Rules" 
. ■ I *P 



• Prl; Urtunar V I nt o r rnatio n; * / 

In this lilm you will aeo a heterogenecmiij ly grouped class'of fifth graders, 

•.ViJ^hc ttiacher is Lee Os^buri^ He had met with the class for about an hour priori 

^;to thi.s film, [Film runnijig time: 38 min. ] 

■ ^ . . . .* 



)LscussiQn after the film: 



Question: Early in the film the teacher vyrites the problems 



and 



n + a + Q -=. 24 

with' a gapXetween t)i€Th, and later writes 



1 a ti£m^et 



directly under th6 first problem.^ What advantages, if any, does 
this have oVer writing each problem direqtly under the preceding 
one, ilike this: " 



I 



■□ + n . 
[j + □ + n 
+ □ -h □« 



21 
24 ■ 
22 ° 



Probably tfie ^chief ^dvantage of writing the problems as the tea'cjheo- did 
as to give an additional clue-to the answer. -Writing the third problem 
'( I 1 + n □ - ,22 ) phyaicilly between the fireit tWo em^asizes the fact that 
numerical ly 22- lies ^etween 2V and 24, and hence that the answer to the 
roblem 



third prt/blem may lielljetween the answers to, the preceding proTjlems. 



7 • ■ 



89 



Later Oil, of coursei the child !would be'etcpected to find the answers, to 
* probLehis like l! + 11 + 1! = 22 without hints like these. ' 



V 



Quebtion : When the class is trying to find an answfer^to u 
I I ^^11,+ 11 = 22, the teacher asks if the answer is going 
to be lajL^ger or smaller than 7, This interchange ensues: ^ 

Andy: Smaller, *. . 

S Teacher: Give , me a number sfnaller thaA 7. ' * • 

* ^ . ■■' ■ . 

Andy: '6 . ; * * 

■ • . * • . - -^^^ , ■ ■ " « 

^ Teacherj^ (Writes) .6 + ^ '6 ' 6 22, \ 

Andy: No, la^rger, ' \' ' 

. Was Andy right in concluding from this evidence that the , 

answer had to, be larger than 7 ? ' ' 

/The answer to this depends on"|^^t Andy was thinking when he s*aw 
6 + 6 + 6., ~ 22 -^which is sometiiing we ' 11 never know. If h^realized 
that 6+6 6 is s mallei tha^i 22 then he is justified in changing his^an- 
8we^, It*, c>r^ the other halid, he'saw. only that 6 6 + 6 is not eqvial to ^ 
22, he could dedupe only that 6 in the boxes is not^right. There is also the 
po^ibility ,that Andy changed his answer on the basis of totally noh- 
atathematical cues, ll4 ni>ght hav^ been tliinking, ''Only two answers make 
sense — larger or smaller. Evidently the teacher didn't like the one Tgave', 
, so 1/ 11 change it^M ' . ! * - 



Question; When Richiard suggests 7-r for □ + □ +^0 = 22 

* the exchange is: * ^ 

• . Teacher: V 7*^ ^ ^j^ ^ 



Richard: 15, 

Teacher: That would 'Be 7 



2 



/ ' ill . 



> / 1.. 

y. •liv' 




, Richard:/ 14 1 . 



Te^ch^: And another 7 i ? ' 
Rirch^rcl: ZZ , ^ ' ' 

- ' . I 

i'< '\. 1 / 

Why, docs the teacher have Richferd add 7-' anfd lY^ ar\d then 

\ 1 ■ , . / • ' 1 ^ ' 

another 7 - when adding the 7' a, a/id tlwi the - ' ^ \is s^o much 

eaaier? 



Th 



ere is no doubt that 'ad,d>ng the 7\9 an^' then the - 's is far easier. On • 

1 1 1 Z^ ' * "* Iff 11 

the other hand, the problem is 7^;-+ 7- + T- , ' not 7 + .7 +' 7 + - + - + - . ' 
•' . "3 - 3 3 - J 3 - 3 3 . 

Perhaps the teapher suggesjted that JRichard add the first two 1 -t 'sv hoping 

* ' I v 

tJlat Richard wauld say he ' d.^jp«rthe r add the 7's and then the - 's, instekd, ' 

If this was the*Wacher^s intention, it didn't work. But it is interesting to ' 

1 1 * 

noto'that "Richard said T- + ^ 3^^ 1 5 ; we can conclude from'^his" that^if 

Richard checked his answer at all, he didnit check if by adding the 7^ 's, but' 
■ 1 ■ ^ ' ' 3, • .: ■ , . 

rather by adding the 7' s and then the - ' s . - - . 

Question: WhJif^ Andy explains how he di'd 96 + 96 + 96 = 
_ . he insists twi^e that he subtracted '3 fours from 96. He got the 
right answer (Z88) so clearly he 7did £ot subtract 3 fours from 
96 , but from 300 instead, The teacher lets this' explanation go 
by. Should he have ? ^ • ' 

* yery frequently childr^ get right answers but have trouble in explaining 
their methods, ^ This is a classic exaVnple,^ Two courses, were open to the ' 
teacher. First, he could have pursyed Andy' s ejcplanatiQn, making him see 
^jthat he wasn' t saying what he meant. Possibly spme children would hav^ ben- 
efited ftom this, but it would hav^ slowed down the class. The teacher's on- 
the-spot decision was to follow a second course, namely, to ignore a faulty 
explanation of a correct answer. It is imiportant to remember that no par tic- ' 
ular filmed class represents the last bit of mathematics instruction the ifc 
children will ever have — there is always another day when verballzatiojw can 
be yeifined. , ' • ' ' : 
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Question; -Wh^.the te^icher writes the jumping rule 

^ ": ■ : ■' , ■ . n ^— — 3 xD - iQ . • • . . .. r ■ , 

.- V the arrow seems extraordinarily longi Why does he do jihis ? 

I \ ^ . ■ . . . -v. . , , y .. ., , 

- ■ ■ 4 

If the arrow in a jumping rule is drawn too short it is freqxiently confused 
with a nifnu$ bign. Particularly at t^e beginning, it is a g6od id^a to make the 
.arrow quite distinct from other symbols. . , . 

'■ Here are 'some questionB you may want to raise:. ; - 

• Wht^n the problem is □ + □ + □ = □ + IZ Paul augge'sts 3^^. 
Why^is this^a likely wrong answer? ♦ * ' 



When the arithmetic is done, with 3 in th^ bgxes, the teacher 
s^ys, "9 = 15 . True or false?" Paul says, "True* " The • 
answer 3 is under stancfable, but what could\ave made Paul 
thi^nk that nirife equals- fifteen ? , . * * 



For the problem □ + □+□ □ + 50 , Julio suggests 20^.. 
Where do you Jthink this answer comes from? . ^ 



c . . ... ^ ■ 

indy suggestsf 3 as the place to sta/*t in brder to get: a jump of one 
space when using the rule □ "^-^ 3 X O 10 . Why is this a" 
Irllely >A/rong ansWer? 



jiftrteenth Sessfon ^ 
Written Le a ftoii Discussion Notes 
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i 



^ Sinqe the first twelve problems involve similar Wear's/ .hftpe fekre some 

exan^ples of likely e\i;r9lrs. 



Pa^e Z y problem 5 




A common wropg answer is to graph th^ i>ymberg from 2 to 3 , not/ 

includirffe 3 The right answer is th^t all' the x^/mbers frW 2 to 2^ work, 

1. ■ '.['■- 3 

not -including* 2 ~- . - . . ^ / - . . . » 

"3 f) ■/"!•'■".' * 

Perhaps the be%t way to^ answef quesfiq^s , if there* are any, *is tp try ^ 
the participants' suggestions for numbers tHjlt wdrk, 
- ' • ■ ^ ' 'V/ ■ ^ ^ ■ ' ' 

Page 3 > problem \^ ' 




A common wrong answer h^re^ is tp g<,ap^i the numbers from 6 to 7 , not 

^ ' ■ ^ . - . ■ / 6 ■ r / • 1 ' - ^ " ■ ' 

/including 7 . The right ans\ver is/pxj;tured above. Again trying numbers would 
probably be. the best approach. It no, one suggests it, the moderator may n^d,to 



3 



suggos^ a number like 7- 



I 



Page 3^ problem 11 




It naay be woftj^While to 4faw aonrie comparisons bet^ 
and .11 , What is tl^e same in'the two pictures? What is d 
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. ..^ Most of the other problems in this written lesson are starred, ahcj it is . 
often the- starred ploblems that participants ask about. Following a^e some 
examples and gerjeral comments .about them. ' .! «^ * 



PaKes 4 and S, problems 1 >; 2 and 3 y 

• ■ ' r ^ ■ ' *^ ■ ^ ■ > ■ " ■ 

■ % 

Many pc>rticipants , in graphing thesfe problen^s, t)mit .zjero^ The reason 
\ ' ♦ ' \ . ' ^ ^ ■ ■ ■ ^ 

is probably due to the division sign.' Teachers maybe thinking, ^'Whenever 

there is a division sign, da noy use^^erqv Zero will work in the'se three t^rob^ 

lems because the division i^ not zero. Whether*the moderator wants to 

comment gn this is left to his discretion." / ' ' ^..^ . . I 



Page 5 , problem ^8 



e 'pattern of dots on the num^Pftline below clontinues 
both directions. . Mak'e lip an'equation so.tjfiat these dots ^ 
(and only thepe dots) wil'l worj^. * • I 





^ ■1 #1 1 I II » I . I I I I 



-6 
« 



0 



12 



1'8> 



1. 



As w>th any problems wherf an\auation is asked for, one mu^t \^ axx^e 
that the equation does nbt give more numbers than the pattern oL^^nts indicate-B. 
As an example, ^ □ -r 3 J ^ □ r 3 will give all the joints ihdifeibt^d above. 
However, thi^ equati^ will give moire than^ the pattern of points indicated. -||(jNr 

example, multiples of 3 work also.) ; This type of error appears ^to*b<| very ' 

. . ■ • . ■ , ■ %. 

comm©n among participants. It is also possibly that the equation will not include 
all the indicated points, but this type of ertor is les? likely to occur, A|correct* 
answer to problem iSr5 is ^ □ 6 J ^ □ /6 . ^ ! 



Uest to 



Page 6, problems i(h arid ThT? ^> 

If there are questioiis on these two problems, it probably llest to ha,ve 
participanti tuggest possible equations and^try tljiem* Sorhe participant may 
have, a method for finding an equation that wilLw.ork, ^ / 



For each.of tho8^ problems therey^^^^ an infinite number ol equations 

will M/r»*»'lr U^^^ _ r*^*^. . • 
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. . that will wort. . Here, u, , brief expllTS^ion of hiwto find the equations. 

/ fcach side, of the equality will be .the 'same Except one side .will have lower . 
, brackets,^ -The nun^erator will b6. □ pl^the distance nec-^sary to move an/ 
o£ the. points,^ to ,,ero, or b minus the distance necessary to move any of the 
indicated points down to .ero. The .ftumbejiyou. divide by (denominator) will bl • ' 

. the distance bet^,^en any two coniecutiva points that.are indicated by the^raph!/ " 
(Note, to moderator: Perhaps .your'^grbup would, like' t^. conAder why this method ' 
works ..) . , * . ' ' ^ 



' In problem^ *7 we l^ow that dots will be at . IJ and at every thir.d space ♦ 



away from. 1 1 




-5 -4 -3* -Z^^-l, G i 



^ ^ " ^ 6 * 7, 8" 9 . lb 11 12 13 14 



• To move any indicated point up to zero we need to add 1 . or" 4, gtc.. so the 
: : numerator could be 1 Q + 1 , or □ , 4 . etc. To move ahy indicated point 
down to zero we need to subtract 2 . or 5 . etc. Therefore, the numerator 

' . could also lie n - 2 , or □ - 5 pto TV^o 'rHo^. . . % 
\. - . .. - . or u :> , etc. The distance between any two c6n-« 

, ««cutive points is 3; therefore, the denominator "will be 3 . • . ' 

., Afi^.of the following Equations, as well as many others, will v^ork for 
■ ; p^o irT: [ ' I ' ^ 



I □)+ 4 I 
□ - 5 I 




V 



♦•/, 




lie 
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Film Discussion Notes 




•'Graphing With- Sqitare Brackets 



Pre.Umiriary information; ^# 

These discussion notes, are^omewfiat different fr 
discussion notes. There are two reasons for this'. 




i 



3 filnn 



' 1. Many teachers viewing films from the Projact have a^sked, ''What 
else can we do with the ideas presented in the film? • . , 

. • . \ ; ' •> ■■ ' • \ 

2. It has been our exp,,erience that participants have not aslced 4 
^ many questions! directly about this film. ' 

* *f ^ Therefore, these discussion notes. are variotis extensptns of the i^^fe^ in the 

Jilm. We suggest that if any of these ideas are used, the mbd.erator . present 
■ r*^ • . • ■ , 

them in much,the way a; teacher would use them in a classroom. As with all 

••V^^ms in the course, however, participants' questions, haye priority. 



This ♦s a, fifth grade clasps from the James Russe 



11 Lowell 



School in 



Watertown,' Mas sachusettsi The class had met with the teacher , Professor 

David A, Ipa'ge, for approximately 50 hours prior to this film. They had 

.Worked with square brackets previously, but had not done much graphing. 

The square brackets notation wa's used by the Project before lower and upper 

bracket^*^vere adopted.. Square brackets means exactly the same as loAver 
* 

brackets. (For further information, see page 100 of these notes.) 
[Film running time: 28 min.] / - , * / 



Extensions 



Following ar^sonrie ideas that a mpdjg^rator could use after the film^. It 
ia^left to the discretion of the moderator which, if any, of these ideas are 
used. > . 



L/ Here is the gjaph of the numbers that work in L P 3 




H o\^^ does hh^i^ , g r aph hange if w e u s e 



iSook 13 



> 2 ? 



-2 -J 



How abaut 4 



0 1 Z 




6 



*8 



9 IG 11 12- 13. 1,4 



ow here indicate sj:hat all numbers! a'fter 14 work also.) 

/ y . . .■ 

[ □ T 3 J 




Now put the previous two problenls together. 



i h 



-2 -1 



•8 



Q 1 2 . O' 4 5 . - 6. 7 ;8 9 
Here are other pVobLemst*he rx>oderator could use. 

> □ T 2 J > 3 



I I 1, 1 



10 11 12 15 14 



7. 




s 



loo 

■ j 

6 1 



II. Another ad e'a that cxan be pursued is how to«slide the' graph up or down the 
number line. Her e is the' graph of- □ t 3 I = 5 . 



11 12 13 14 15 16 17 18 19 20 21 22 23 



.•4 



(a)* How Jan you change the equation so that the graph-would be: 



11 . 12 13 14 15 16 17 18 



;□ - 2 



^ An aJ^wAr^is to'subtract 2 Ajom the bpgc:' *~ ^ - ~ I « = 5 . A likely 

Aftfwer Is to add 2 to the box, f since the gr^ph was itiove^up the 
♦Woe 2 units. ^ * 



19 io 21 

J 



23 
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• . • .. " . " ■ ' • ' 

(b) How could you move the original- graph down the number line one unit? 

' ■ ■ " I ■ ■ ■ . ■ '■ - ■ ■ < ■ * - .. 

■■■■■■■ • . ■ 

(c) How could you move it up the line 3 units'? (For this question (sither 



La -*>3* I / 



or 



6 would work.) 



( cl ) How would you move. the original graph dqwn tWb line 7 units? Up the 
line 100 units? ^ V 



( e ) . Prediettwhat the graph of 



1. - '3 

L 7 : 



- 6 would look like. 



(ill. Here are some graphs » What are some equations that would give these 
graphs? In each, case one possible answer is given* 




12^ 1? \ 14 15 



•( a )- What happens if you multiply the bpx byrsoiri^ numbe^^ ratheV.thany'add 
or subtract sonie number ? ^ \ ^ 



(b) Gompll![re the graphs of j^^ J 



5 and 



5\ 



mmmmmmmmmmm 

4 



Book 



. (d ) What happens if we multiply the box by some number and then a^d or 
subtract some number before we divide? ^ '/ 



It probably is wor4h ppinting'out^t thei-e are two faihy standard ways 
of showing the graph of an equation on a number line.. One way was used' in the 
film; ttie. 'other is to use a shaded loop p/dH«i loop. Both graphs below show 
the sa'me thing; namely, the numbers tljat work are 6 up to but not including 9. 



11] 



4 



6^ 7 



10. 11 



12 




1 ^ 



8 



IG 11 



12 



* 

Sorn^ questions that miiB^ht be raised: 



1. 



The last problem in the film was [ □ t 17 ] = 10 and the answer 



wajs 
fast? 



170 V 



" How did .the students "figure that^so ^ 



Could you solve [ □ t 200 ] = 57 the same way?. : . ; < ,' ' . 4 
What is a general method for solving this type of problem? 

In the film, the students try to find the bi^ggest number that works -for 
[ □ i 3}. ; s 4 ,/ Why can't they find the biggesKnumber? What is 
the smallest numbe^bigger than 12 that does ^iot work? 
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Information about, aquare brackets ' ■ 

\, Square l^rackets was ti<t>t ma^e up by the Project; it is a standard mathe- 

matlCRl. function, if students pursue raathartiatics they will perhaps gefe square 

• . ' • ' ^ * . ., . • * ^ * ■ ■ ■ * 

brackets' a^i^ain, although they will probably f md it presented as ^'the greatest 

integer nf)t greater than'V functipn. Because Inese words cajti get in the way of 

the idea, ^^square brackets'* was used instead. ) ' 

Since this ^Im was ma,de, the* Project has modified the idea of s^^uare 

brackets to upper and lower brackets, .Thel participants have worked with / 

upper and lower brackets' in the wri^^en liessorfs. Lower bracke.ts are defined 

in the same way as square brackets; upper brackets leave integers alone and 

take any non-integer up to the next higher iriteger. 

; If some participant iSjjiijLteirested in and insistent about where the idia o^ 

brackets can be used, here are twb<. examples the moderator could give, j 



> 



In a book store some books cost $2.89 . If I have $10,00 , 
Ijow many-books can I buy? One way^to find the solution is 
to S'olvjS; the equation . ."^ 



L 2.89 J 



□ 



^2. 



The post office uses upper brackets for' postage. First- 
class mail costs 8 an ounce (at this writing at least), 
but a oZi letter will cost 24ji to mail. 



8 



□ 



These reasons alone are not sufficient for teaching brackets, ^t'or a discusjsion 
of .why bratk^ts are taught, participants are referred to the Epilogue of the 
written l*sson in Bopk 8. 



' /r.'*"* ";} .,- -\ 
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Fourteenth -Sesflion 

Written Li&6 8 oh Discussion Notes 



B66k 14 'I 



/ This lesson deals with finding riiles thit wilV send two g^^ 
to two given points. When you ask for rule? that do certai^thingff,. you % 
need to be careful because there may be many rules, tHat will flo the'same ' 
^^thing. Not. only may there be different rules that do the same thing but 

. the saiile rttle may be writtert in many forms. 

• • , ■ ' ' ■ ■ • ■ '■ 

Fpr. example, 




Page 3 . 

8. Write a rule: 



START , 'LAND' 



1^ 



□ 



It is 'mostly the numbers in this problem that cause th4 difficulty, .^i' 
Sin.c.e the differences between jf^ startihg points, and landing points are * 
the^aame, you only need to fitid'how much is added to the starting point to Y 
reach the landing point. If a queation is asked about this, problem* then 
it nniay be beat to work it out as a grou^. 



..\/ 



^ •• and □ — - 

• ■ ■ ■ • * - . - • ■ . ' ' ' * ''r 

- . are different way^ to write the same rule. . 

If a rule is proposed for a particular problem, it should be triedV . 
vyith the given numbers to ascertain whether it will work. . 

Following are the problems that appear tp be the most difficult- for \ 
•people. r-" \. 
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if ZO, . 'Find a jrule! such that two of its juAl^s might be iiluatrated by 

" » • • • ' 

. the. following diag^ram. You should r^vmbfer your, starting and 
landing points > an^ you may calibrate number lines a^y 

.t way y»u wish* 

^ I . ' I I ' ..t v . 'I — -tJ- 1 4- K— ^- 



#/ 



STARTING . LINE 




♦ • 0 



LANDING tiNE 



Participant: 



I attempted this problem and. I don't Icnow what I did 



wrotig, The difference between the starting points is ' 
Z and th6 difference betw^e^en the landing points is 10 



so thfe rule shouUi be □ 



5 r)f^ ilrpicked 1 



> 5 



and 3 as my starling points. With my rule 1 - 
and 3 — 15 • The^ only way my numbers will 
work in the diagram is if I calibrate the landing line ; 



from right to left like 'this: 



// 




ERJC 



Is that correct? Is there a way to do the problem 
calibrating both lines from left to right? 



I 



9 

4t 
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N/IoderalMr: 



Pa^^ticip^int: 



The problem states that you c^n calibrate the number 
Una atliy way you wish, so your solution is acceptable, 
Did anyonf do it numbering both lines from left to 
right? 

• . ■ ' ,. 

Well, I assumed that both lines were numbered in ' 

the usual way, I figured that the 1st stasjrting ,p&int 

minus the 2nd starting point is 2 while 1st landing 

point minus 2nd landing point is -10 . I kneyv I wanted 

the rule ^ ^ > -5 X ,□. Next I picked 10 and 12 



as my starting numbers. 'My d^^^am Ipoked ],ike this:' 



t ■ 



H ^ 



I '. I 



Participant: 




STARTING LINE 



-Co 



ING LIN 



I thought thej number lines shduld be numbered so that 1 
oh the landing line was direfctly under 1 on the starting 
line/ Picking 6 and. 2 as my starting numbers, "my 
diagram-looked like this: ^ 

% 




I I F - 'I 1 I 1 H H- — h J— ±- 

S -^ -^ -Sl ~I O \ A 3 H r a 7^ 

V 



DING LINE 



I 



I2i 



103 



I I 
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I knew that I needed a rule wHich took you from 0 to 7 • 
and from 2 to -3 . By what caine-before in'the lesson . 

I thought that the rule should be ' □ — > -5 X P. 

0 -> 0 * 0 > 7 



With this rule 



-> 0 * 0 

_^ , _ and I want&d . _ 



■> -3 • 



Comparing the landing points 0 and -10 with the landing 
points that I Wanted, 7 and -3 ,1 figured out th^t the 
rule should be ,□ > -5 X □ + 7 . . 



Note tb moderator: If this last approach to the problem is used, the rule 
that work^iLl be of the form" Q, " .' > -5 X. □ k where^-k stands 
for a number. The value of k will depend oh the starting numbers that 
are picWbd. . " \ ^ 




T 



T04 



M. ♦ 



13 



s 



. Film Die cAxe»4oh Note Bv 
^'Competing Number Line Rules'' 



Bool 



Preliminary information; / ' . ' 

The class you are about to see Is a h^t^erog^eneously grouped fifth grade 

♦ . . • • t. ■ « 

from the Jamais? Russell Lowell School in Watertown, Massachusetts/ The 
film was madiQ in the early spring. . The class had vjprked with- the teacher^ 
Dctvid A* Page, for about fifty previous hours oti various 'Ippics of the Projects 
f; Film running time: 33 min. ] i * ' * 

Here are some possible questions which might arise after the teachers 
view this fili^^ Note that the responses given are merely sample answers. ... 



Answers are not provided to gome' questions . A variety of opinions and 



app||?oaches ventured by teachers in the 




yiQuestion: The class seemed toj^e quij>e at ease using jumping rule|i> Had . 
they ever done this kind of topic before? ^ 

i [ A ♦ • . 

■t • . ^ . ■ ■ ■■ ■ ■ ■ •'. 

. ■ - ■ ■ ' * jf . . 

Response; Yes, the class had certainly worked with jumping rules before. 
Some of ther topics they had explored Were/finding standstill points, maki?ig 
consecutive "Ijumps I using rules in combination, anjd finding inverses ior rules 
However, they had not pursued this particular topic- thaj/^s, combining rules 

to obtain the largest number possible. 

. >■ 

* ■ ■ ■ 

Question: When the rules were: 
< ' ^ - ■ ^ 

, □ ^ □ + 7 

* , . • . n 6 x □ : 



tht^teacher asked where the next interesting number would be. What is an 
^^fiteresting number"? 

Response; In this case, the interesting starting number was 6, because you 
g«t the same landing nunaber ( 36 ) whether you use rule b or rule c. At. 
another time, some other number might be* cohslderecj interesting. 



Quee|ion; ^ Aside from the computation involved, why is this particular topic 
•important for children? - \ * 



'■»> 



Response: In pursuingf which co/nbination of rules to choose to get the largest 
number, the class began to get an idea o( what each of these'rules accomplishes 
Consider the following rules: . ■ , 

b 



□ 
□ 



4 X □ 

□ X n 



When Lorraine s|^id, "From 5 on, it's cc ," she indicated that squaring any 
number over five will yield a larger result .than either adding , 8 to it or mul~ 
tiplying it by 4 . And squaring the result (in effect, finding the fourth "power df 
the original number) will certainly yield the maximum. Lojcraine amd many oj. 
the other students eliminatjed much unnecessary testing &£ numbers £ls soon as 
they realizied how strong the squ&ririg rule v/^s. , 



Questipn: I heard Janet say that in orSer to find the largest landing-poi^t, 
you 9+iould get the biggest nurqber you can be*fore you hit the squaring rule" Is 
her. method reliable at all timers? 




Response: Given the rules: 

• ' . ■ . □ 



-> □ + 7 



□ 6 X □ 

c- 



□ 



□ X □ 



Janet's method does work most of the time. But before adopting this strategy 
for every problem, let us change rule a to: 



□ 



□ - 100 X 



Now rule -a always move i %s down the line 100 units, no matter where we start, 



Rule a 
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Rule b i/nuitipUee tt^nabers by 6 . Positive^umbers a/e taken further up the 
line,, but negative numbers are takerv further down the/line: ' 




Rule c taken positive numbers greater than 1 up the li-ne; it^takfes negative 
number«. to the positive portion of the line also\ ' .. 



Rule c 




-4 -3 -2 -1 



• 



Which two rules wo\kd you use starting at 0 ?•' Here, the h^est strategy 

uld be. to use rule a first. That gets you 100 spaces to tjjie left of zero. 

2 

Then you would use rule c , taking you to (-100 ) , or positive 1(^,000,. 

Hence, we first want to get as small as possible before using the squaring * 

rule. You may wish to try some other starting numbers to see where things 
change. *'''*N._>' 

An interesting topic to pursue may be to find out for which starting num- 
bers Janet's method fails with rule a changed back to: □. □ +7. 

: Another variation worthy of group discussion may be: what general ' 
strategies can be developed if rule a is again changed, this time to: 
[_) 51 f J ^ Rules b and c remain the same. \ ' 



Question: 



\ ■ 



Near the end of the film, when the rules were: 

a 
b_ 

c 



n 
□ 



□ + 1 

2 X □ 

□ X □ 



1 * 1 

Alfred aaid that he'd choose cc starting at 2- because 2 times 2- is ngt as 

1 1 . r ^ 

much as 2- 2- ., He seems sure of this, even though he may not know the 

precis* Aftiwer for 2^ X 2^ . Is he correct? ,r ' P 



5 0 
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QuegtioA; Suppose/* child'does not see Alfred^s shortcut. A^e there '^ther 
ways of find in 
. commutation? 



• ■ - ^ ' 1 4 > • ■ ■ - 

.ways of finding out which rules to vise at 2- and at 1 - yvithout doing ^ lot, of/ 



Question: I wovild like to try this, topic, but nny students do not know ver^ . . 
Unuch aboiif negative numbers • T.hecy also would not be able to handle the 
aqtiarlng .rule. How can I adapt this materie-l to my class? ^ f 



In the discussion notes for the film '/W*hich Rule Wiha?^' (Book 2),. thre- 
situations were described. For thg sake of completeness, we repeat ^them 
here and append a few others. ' » 




(a)* Are there two rules which neyer tie? That is, could we have a pjlcture 
lik6 this? 



(b) Are there two rules which tie exactly twicci giving'a picture likis this ? 



— — — \^ ^ ^ 1 — 



(c ) Are there two d/ffefent rules which always tie^ 
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(d) Are there bvo rules^.( a and b ) whe7« ^ .wins, eveiywherfe except 
i : for one tie point? Picture: ^ - 



<^ t W \> ;k> t b b b A) 



V 



(e) .: Are therVtwoTules (call them a and b as usual) where .sbmetimes 
. a wins and sometimes b wins but where they never tie? The 
picture might look like this: 



t{^ii<r 8 or la 




(f) . Are there two rules which tie infinitely. often but not always? The 
picture might look like this: 




I 




Q a OL. 

— 



w m m '*' 



b t> i> ^ 



Finding a pair of rules which works for. situation (d) is far eaaier than 
■ ^ ■■ \ * ■ ■ ♦ i ■ 

finding pair« for ( e ) or (f) , but the-latter two problems <San be done. By the 

. ^ end of the coursJ the participants will have the tools to find rules which work, 
/ * • • ' 

I so it might be a 'good idea to bring up these points again later on. 
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I^h^ aummary for thia film inclu^<js a note about irraj;ional ti*e points, 



filr 

In connection with this, you si^uld refer to the W^tten Lesson Discussion 
Notts for Book IK For those interested, further notes about quadratic ❖s. 
linea?: fun ctions m ay be found in the /Epilogue, to the written lesson in Book 15, ' 
and in the aupplem??nt "Q.raphing Number Hne Jumping RulesV (Books 13* and 14), 



Fifteenth Session 
Written Lesson Discussion Notes 



For- the most part, these not^ gfve a stra^ightforward exposition 
of jhe nrio'lre difficult problems in the lesson* ^ We hope tHat\jie| rjioderator 
wilPuse them npt aa they are presented, but rather in A. manner which wili 
elicit the appropriate rofsponses from the members of his gl^oup.' 
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1 r^^ 

Starting 
Points 


Landing 
Points 


1st Starting pt. 

minus 
2nd Starting pt. 


1st Landing pt, 

minus 
2nd Landing pt. 


' ^ 1 

Rule 


9. 


J T-> 8 
2 > 13 




J' 






. This problem may be troublesome for some people because the 
differences are -1 and -5 "and the rule is □ — > SX □ + 3 . If the 
two negatives led people to think the rule would involve a negative, it 
might help to, work through the following problem: 



START 



LAND 



BookHS 



What cjo problems 5 throu|ph 9 have in fiorn,mon ? 



"5. 



Starting' 



Landing 
Points 



300 
150 



50 

-> Z5 



-> 57 

32 



1st Starting pt. 

m in VIS 
iincl Starting pt. 



1st Landing pt. 

minus 
2nd Landing pt. 



Rule 



□ 



7. 



150 



64-1 



37 



9. 



300 
150 



•29i 



-29 



Le aye 
^ Blank; 



□ '7X □ - '54 



V 



Probably the^participants will recognize thajt. although the starting 
points In number 9 differ from those in the other problems, the equation* 



'l^t Landing pt, minus 2nd Landing pt, 
1st Starting pt, minus 2nd Starting' pt. 



2 



oM2 

FRir 



ia true for each problem. 



The moderator might want to ask what rule works in j^robl^m .9 
Probably there, will be at least two different rules given. If not, a rul6^ 



such as 



□ 



7 X □ + Z . or 

0- \ ■• 



□ 



-7 X □ - 1 might 1^9 
6 ' ' 



tested to show that any rule of |he form □ — > + Q^\X'here n 

li a number, will satipfy the cqriditions of this problem. 
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^A.^ Write a rule: 
START • 

u.; : • 

■ . ' . '17 ■ - 



•LAND 




□ 



. feook 1«5 



I U someone asks ab'out this problem, t^e group might benefit from working it 
out. Proceeding as in the table on page 111, you would have: 



1st Starting pt.- 

minus 
2nd Starting pt. 



1st Landing pt. 

minus \ 
Znd Landing pt. \ 



This sugge|ts the rul\ □ 



Start it^g at 1 1 with this 




•20 



20 



•X' □ or . □ 



you land at/3^)— , 
3 



How^ should the rule be^adj^ted sosthat you land at 10 instead of 36- ? 
The rule 



□ 



gives a jump from 11 to 10 
land at 30 ? * 




26 



With thi^rule, does-the other starting point, 17 ,- 



7. 



Bopfc^lS 
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7. Rules: 



□ 



i ^ Q 



+ .10 



Write rules cd and dc : 



cd 



dc 



y 



(Note that rule dc is Very different irpm rule cd . If in doubt check both 
rules. ) -m ■ ■ ^ . 



The fact that rules cd and dc are^ different illustrates that ccvnposition is 
not always cpmmutative. In oth^r words, the order in which you do the*com- 
position m^kes a (^ifference. It would be p^|j|^ita.ble for the group to investigate 
whether composition is ever commutative, a,nd if sOy when.v' Exam&Aiiig the ' 
rules used 3n this lesson, one finds e:icamples of both commutative and non- 
comnriutativ^ composition* The following information mgiy be helpful. 



Page 5 



Rules ab and ba 



ab, 



3 X 



ba ^ 

► 3 X 



12 



'«''f? 
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Page 7 



Page 9 




cd 



7 V: 



□ 



dc 



7 X 



^4. 



4 59| , 



ef 



fe 



□ 
□ 



+ 30 



~+ 30 



Page 8 Rules gh and hg are the same. 



4 



# 5 



□ 

□ 
□ 



ab 



X . 



ba 



+ ,5 
+ '.15 



cd 



dc 



2 X. 



2 X 



Page itf V/#6 




ab 



□ 



ba 



5 X 
5 X 



□ 
□ 

□ 
□ 



+ '6 



+ 15 

+ 3-1 



Boak 15 w 



After consideration of a of these problems/, see if your group.'cafi 
predict when the comptfsitibifi of two r\iles is commiita,tiv.e Ih^'^when it is 



not. 
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Filial Discus 8 ion Note^ 
*^Ruled Moving Two Ppintg*' 



Prelimii^agy Informjition t ' ' • ^ .> 

Theiilm shows a heterogeneously grouped fifth g1:ade from the James 
Russell Lowell School in Watertown, M^sacl^usetts. The tesCcher is David A, 
Page. Prior ttp tlnis film he had^met this class for about 50 hours. About five 



minutes of. the previous xJay* s Jesson is included so that the viewer |3 may know 



nc 



what led up to this fijm, [ Filffi running time^ ♦SO min, ] |^ 

. ■ ■ .... ..■ 

THe notes for thratfi^^ in three p4i^ta« Part one consists of. 

questions that have heeic^^i^k^^^ by teachers about this fibaT*iftJid some answers 
to.Jhese q\ie8tlons. The. s^^tio'^ld. part consists gf questions youSjnay want^tq 

rai^eii^' The thir^ part is a. trStilscript of the beginning of ^in actual discussion 

"••■<•■,.'• < 

alter the filna wl^s viewed in one of the Project's ii\;«servdce institutes* — ; j 



. Question: The teacher had been asking for rules that made the 
distance between the landing points either longer o„r shorter than 
the distance between the starting -points. Why did he suddenly 
switch to finding a rule/that kept the distance the same?' 

' * ■ 

Finding rules that keep the distance bet\yeen landing points the same is 

rather easy and not very interesting. The teacher tried to make it more 

inte'resting by rhakilig both landing points negative. It appears in the film 

that nearly everyone could .stretch pr shriivk^he distance aiid that it vj^s 

tim6 tp move on. to more complex t^hings. . In df!tder to do that, the class 

needed the idea that addingjor subtracting something does,,-not affect the 

distance, The teacher thought that 9ne example, at this point in th^. 

iessoni would^gQt across this ilflea.^\^ 

Question: Right after David said the landing numbers w(3\ild be 
two imits apart, Lisa said David was wfoi^ because there w^^a 
standstill point. Does the fact that a rule has ^ staildstiirpofht 
influence how far apart the landing ppiilts will be^ \^ 



er|c \ 



I 
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. Wh^t, exactly, Lisa had* in mind ia debatable. Itis concelvab^ that. 
Bhe thought David aaid that all jiimps would b« two unit^ long. In other words, 
• 8he was prolJably computing the distance from a starting pc|kit to' its landing 

point, rather than the distance between two landing pointi.. 

■'. ... ' >• 

The fact that a rule 'has a standstill point does not have *inythin,^ to do 

with the distance between the landing points:.- H9Wever, knowing that a rule ' 
of the form >■■<:'. V ~ 

. » - 

^' n — > a X n - b ■ ■ , . / ■ • 

(where a and \ are numbers with a not equal to 1 ) has a Jtandstill pointf 
and that as yo* move farther away from that 'standstill point the jumps become 
longer, implies that the landing points of two particular jumps will not always 
be I unit;« apart. Such an intuition comes after working with jumping rules 
for a long time (which this class had done). 

Question: Are there always only two rules that take two 'points to 
■ two poirits? i , , 

» • 

[Although this question ma./ be raised by someone in ydur group after 
seeing tl^e film, niost people w/ll not be able to discuss the question adequately 
until they have finished the fift^thjle^son. In that lesson starting points Sire 
sent to the landing points in a specific o5der,' while in the filtn the order is 
not specified. The question as treated here applies to the type of problem 
given in the. film,, w hile in the Epilogue to the fi/te*nth lesson the question is 
answered for the kind of problem given there. The inclusion of the following 
material at this "point is not to^sugg-est that this- is the proper time to discuss 
it, but only to give, you background for handling the question when you 'Ovish 
to do so, ] ' ' 

/There will be only two dimple .(linear* ) rules that will take two given 

points to two given points but there are many other kinds of ruleMhat could 

■•^ • ♦ ■ . 

be used. There are various requirements that one^an^ma^e in asking, the 
.questions. The following is an attempt to show What restriction^ can be 
placed on the question and some -poasible solutions. ' ' . 



* V 



« 



A linear rule is one that can be written in the fT)tm □ a X □ b 

where a and b are nttmbers* • » 



(a) StafU^t 3 and at 6.' Find a rul^ so that the landing points 
are 18 apart. ' 



i 



□ — > -9 X □ 

P — > 9 X □ +s U I 

□ — ^ 9 X □ - 1 02 

Cf -H> --9 X □ + 75 

71 

□ -9 X a - 

97 



etc. 



• There are infinitely many rules of the form 
■ ' ' ' a ■ — > a X □ + b - 

that will do jcv hat the problem asks r a must be 9 or -9 and b can 
be any number. ^ 
Another rule that will work: - ' 

. ' □ — > '□ X □+ '□.- 3 

(This is not a linear rul^ because of the □ X ) * v 

(b) Start at 3 and at 5, Find a rule so that the J.anding points ai^e, 
18 apart^^and one of them is 37, 

□ — > 9 X □ +. l<0 

* 

*• - 

□ — » 9 X □ 8 





□ — ^ -9' X □ + 64 ■ . -\ 

' ^ □ -9 X^D + 82 

^^Here tKare are four linear rules that will do the job. The first .. • 

and third rules above pend 3 to 37, while the second and fourth 

r^les send 5 to 37. One could eliminate two of the rules abpve 

by specifying which of the starting numbers you,wante.<l to go to 37 

f » . 

Another rul%, not of the: same form, that,works: 

- ■ ■ □ ~> G X □ + ■ □ + 7'. 




• » 



(c) S^rt at 3 and at 5.< Find a r\nn so that the landing pQlnts 



k 8( 



» 



are 23 and 41 . 



□ — 9 X Q - 4 



\ Her|5 there are only twdj rules ofjthls f6 



68 ^ 
rm that will workr 



Aga^n'notice^hat th^ first rule will jend (| tQ^23 while tl^0 
second will send 5 to 23 . You coulc( eliminate one of the 
rules by specifying which starting point you wanted to » 
send to ,23. * , 

• ' ! 

Another rule that works: ^ 

• □ — > □ □ + D + .11 
In most classes the students would not propose any of these 
other rules; however, if a student has a rule tl\a|t appears 

Ito be different, probably it is wiJrth checking* 

• ■< 



•II. 

Some questions you may w;int to raise: 



2 



1. The previous day Ricky had predicted coyrectly what the 4^|pta.nce 
between the landing points would be, yet the next day it appeared no one 
knew what was going on, ^ 

Wouldn'.t it have been betler if the teacher ha*d spent more time 
leading up to this topic? V ' , 

2. At one place tWb rules were given: □ — X □ and 

□ ^ □ T 2 , I know Jthat they both do the same thing, ^but why did the 
teacher"xh^o«e □ -7^ X □ yather lhan □ ■ — > □ t 2 ? 

3. At one point the rule □ — > C X □ - 10.. was put on the ^ 
boaVd/and the students were asked to predfict what would hapf^en to the 
distance. between ^an^^lwo starting points. David said that every pair of * 
landing numbers wo^jild b« two units apart. Where did he get that? 

,(, \.,/' ■ • .. ■ ■. 



0- 



Book 15 . - . ' »■ 

4. Late in the film the starting points i and 6 were given. The 
problem was to find a rule that would take thes^ starting points to the landing 
points 4 and 20 . What question could a teacher ask if Ijiis s.tudents did not 
find a rule after a re^aonable length time? 



< 



IIL 



Following is the beginning of a discuesion by 25 teachers led by a 

' ■ /. 

Project staff member after the teachers had seen the film. 



Moderator 



Participants 



Did anybody find the other rule for 
the last problem in the film?-^ . * 
Starting points: 2, 6. Landing 
points: 4, 20. ' 



S L . S 

111 \ 

H 1 h ^ 



2 4 6 



Alfred' s rule was □ 



Z 
6 



l8 there another rule? The rule they ■ 
found made 2 go to 4. Now you want' 
to get the 6 to go to 4 



. L , 
i 

— H-i, 




20 

4 x'D - 4 

4 

20 



What would the other rule do? 
i 



Now you want 2 to. go to 20, a.n4 6 to 
g9 to/ 4. ^ _ . ,f ' V . 



^It has to be a multiple of I, 



Moderator 



♦Book 15 



Participants 



I didn't understand what you said. 



n 



4 X CT - 20 



Let' s u*y^6» 



-6 ^ ^ 4 
Now try starting at ^. 



It has to start off 4 ^Imes something to^ ^ 
keep the* distance. ' ' •.. ^\ ' 



How about 4 X □ - 20 ? 



It would hillig you to 4 • 



t ^orK, 



So this one^^jdoesn* 
Youwanfr'6 — ^ 4' and 
2 ' — > 20 • Is it impossible? 



You land at /-1 2 , but we wanted 2 to go 

1^ to 20. ' . ■ ^ ' r _ 




t)on^ t tell U8 ,the rule. Tell us how to 
start the rule, 

It is 4 X -4 + 28 . 



Tell me the whole rule. 



□ 



-4.x □ + - 2-8 

■ r- 



121 
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Moderator , , , • Participanta * 



Let's check it. With Z , what 
■happens? 



^ What about 6 ? 



■\ ■ 



A 



You landmen 20 



You land on 4 . I figured it had to be 
the opposite. . .. • 



\ 



122 . ' , 143 . ) 



T 
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/ 



. Throughout this written lesso^. participants are directed to check their 
answers, ^he check involves a se^up like the following: 



A - 




or it could look like thife 




Since the answers should ^gree for both parts of the check, there is a strong 
tendency for participants to do just part of the check and copy that answer in 
the other part. This defeats the purpose of checking/ Participants ape 
VPged to be thorough in nq^aking checks 



II. 



If some participants hdve difficulty finding the composite two or more 
rules, other, participants shouldfbe urged tp explain how they. went about find-- 
infe it. On« of the nice things about fhis topic is the variety of ways to abroach 
the .problems. To illustrate, eadh of the following problems is solved in, a"' 



different way. 
♦ % 



.(;'■•> 



id 
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I^a ^ ^e 6 , problem 8 



^'Write rule b ; 



□ -2^ 0+5 



□ 
□ 



a'b 



» 2X0 + 10 



Solution:' Compare 0 + 5 'with 2X0 + 10 . The result obtained frofn 
*. using rule /ab is double the result obtained from using rule a . Therefore, 



rule b must be a rule, fhat. doubles: □ 



2X0 



/ 



Pa)a[e 6^ problem 9 



Write rule d 



□ ■ 



cd 



n + 5 



> 2 X n + 6 



. Solution: 

( 1 ) Ckange rule c to □ 

. . . n 

' ■ • or ■ □ 



• V 

□ by subtracting the 5 / 

\ 

( O + 5 ) - 5 

□ 




( Z ) Now change □ 



'□ to □ 



*^ 2 >< D by multiplying by 2 . 



□ 



2 X □ 



(.3 ) Finally change □ — -> 2X0 to □ 
J This filial change produces rule cd . 



( 2 X □) + 6 by adding 6 



(4) Rule d is the rul^ which brings about the indicated changes. (It sub- 
tracts 5 , rriultipli'e 6 by 2 , and adds 6.) >| 

• ■ ' d r^' 2 X ( □ - 5 ) '+ 6* V . . V 



or 



□ 




Page 8 . T)rot^en^ 3 



3 X □ 



1.1 *-•-•> 'I "J + 5 
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T 

Solution: Since rule abc is formed by using Vule a , then rule, and then 
rule c, we can wri/te rule abc directly from these: " 

§ ■ . . ■ ■ . ■ ■. ' 

sjdi)tract 5 f ... 

then multiply by 3 

7 then add 5 _ 

/ □ -|^5 ) Xf3 ) + 5 

Simplifying, we get: 



□ 3 x n - 10 



III. 



Su>;jB;ested discussion points: 

Pages 6 and 7 , problems 8 r 11 ' ; 

"In each of these problems the first rxUe given is* □ — > O + % , and thte 

. four problenis form a sequence. How^can the work -^oihe in solving prowiii 

8 be used to help solve problems 9, 10 , and 11 ? * ' » 

, * - , I j 

Page 6 , problem 8 \ 

' ■ ' ' '. ' , ■ .. ' ' 

. * In problftna 6 on pag? .5 rules gh arid hg were^the same. If you were * 
to find rule fe using rules e and f of problem 5 on page 4 ,,. you Ayould 
see'that it is the sanrie as rule ef . lA this problem rule ab is; * 
^ □ r- > 2 X □ + ,^10\ Is rule ba 'the siirne as rule ab ? (No.) Why^not? 

... ■ ' ' t , • ■ ■ ■ 

Pa>ge 9, problem 8 




Whafproblem might have been done to get an answer 6f □ 



. ERIC 



A. 



140 ' 

0 ' 



9 X □. ? 



125 
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v.: 



IV. 



le following pr«|blem8 j^ive practice in working w^^h comppsition. Use 
these rules: i " , 




a 
□ 



X □ 



2 X □ 



-> □ + 2 



□ - 3 



□ 2X0 + 4 

f 



□ 



Make the equations below true for all numbers in . the boxes by writing one or 
♦ 

more letters. The first one has been done. as a ^sample. . There are many 

• ■ 

correct answers for each problem. 



1. 



2. 






□ 



4. 



5. 



6. 






a 




/ 



f. • < 



/ 



/ 
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/ 



f 
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Film Di 8 CUM ion Notes ' 
"Introduction to C ^npoaition^ 



Bc 



Preliminary information: 

The class you will gee is a fifth grade from the Phillips Sohobl in , 

,^ ■ * •• •" ' " ' • 

JJ^atertownj Massachusetts. Although the students had worked only one hour 

with Mrs . Hermann prior to this, class , they had worked; duritig .muo!H (jf the 
-year on Project topics, including jumping rules. Four students had had a 
Project teacher the preceding year and citn be seen in the film ^^SomJ A rti- 
ficial Operations", The class had not previously worked on composition, 
[Film runnin^time: 35 min.] 



Di^cujision aftev the film: 



1. f I 



Early' in the film the class was given the problem of finding rule b . , 

□ + 5 




2 X 



10 



David Bv s^^gg^sted tlie arule □ 



*Z X O + 5 . How do you suppose he 



got that answer? Besides testing David's rble with some starting number, is 
there any otheV way to determine^whether it is correct? 



2* In the film mginy numbers were tried to check the rules*^ (Did the 
teacher try too many?) In time the childreji began to sense thsft they could 
<tontinue selecting numbers indefinitely^ but that this was not necessary, and' 
that> in fact, trying orfly a f^Ay possibilities should ''prove'' i^at the rules 
would work for all nunrib^rs. At one.pbint^Michele said: 



You only have to do three tilings to find out 
the rule is correct. Lmean you don't have to 
take all •humbers~^ will, maybe four. Take 
a plain number, I a number with a fraction, just 
a plain fraction ,\arid a negative, and if you try 
tbo86 you can probabl^ tell by then if all of the^ 
numbers work. 




Book i6 : / J # / 

Later on in the film, Danny said: ^ ^ 

If vve tried 1,804 , that wpuld proVe 1^^ 

Each of these ^tatementa was an attempt to categorize the numbers, in 
aomtv way, Danny thought that larg^ numbers' might act differently from small 
numbers. Michele divided the numbers into rough categories of positive whole 
^ numbers ("plain numbers'*), fractional and negative numbers. The moderator 
. I may wish to dis'cues these statements and how participants, might have respond- 
ed if they had been teaching the class. 
\ Since all the rules used in the film are linear rules, you need ojily two 

\ nunxhers that work to show that a certain rule is the composite of two other 

■■ ■ \ ' . ■ . , ' ■ 

iv^lea. These two numbers c'an be any kind of number you wish to choose^ neg- 

ativ^i^ positive, fractional, whole,, large, or smalls A brief proof of this is 

\ ♦ ' . . 

given in th^ Epilogue to. the written lesson in Book 16. « ' 

^ Eventually students should be led to see that only two numbers are needed/ 

to test the rules. How would te^itchers plan to accomplish this ? (Discussion of 
this question might be started now and continued n'ext week.) 



7' 



' 3\ Several answers were given for the rule fge at the end of the film: 

Ifie * 

. . □ ? > ( □■ - 1) x. s . • 

fge ■ • / 

fge . '•• , t . 

... . □ ; ■ > 5 ><: □. - 5.._ .■ ' 'i 

How might a child in your class decide that these are different ■Ways erf writing 
the same rule? ' ^ 



4i . After working ^yith the rules a and b seen in the film, the teacher gave 
this problem that was omitted/from the -film: ^ . . • * ^ 

fa 3.x □ + .21 . . 

Given thfe rules . i . ' , find rules c and d : - 

. L □ -^^^ 3 X □ +. .7 



I 



12g|l^ pee the Summary, of Problems for the '-Introductipn to Compoflition*' . \ 



What are r.ulea c and ■ ^ ? " Wojald it have helped to write the pi^bblem\i 
* 'tlkia:. , • . . . ■ 



cd' 
do 



■> 3 X □ +21 
> 3 X □ + 7 



Why, or why not? ' ^^r-> 



5. Sn 



doing the problem aboVe, the rules □ 



1^ i. 



1 



1-XD- + 



1 ^ \ 

+ 10*^ were suggested for rules! c and d , . jrespectively 



Why might a student sugg^3t such- rules? 




1 



1* 

There is more than one possibility for rules c and d . What would, 
rule* c. be if rule d were Q- — -» - 7 ? ♦ 




» ■ ■■ . . . i; ■ . 
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Written Le? son Di|cussion Notes 



T 



PoBaiblf cliscuai^io n topics: 



Page , 5 , probiei;i\ 9 







= 118 * 










■□ - A "= 


: ?0. 







7 



. If Q — ' A^, - 0 , what conclusion c^n you draw about □ and A ? ■ ( □ and . 
A mus^ be equal.) If □ and A are the saijiie, then t^e first eq.uatiojgiucan be re- 
written as either + »□ - 118 or '.A + A =' \it 1 Now it is easy to find the 

.number for box or wedge, depending^ on which equation you use. ' " , 

' ' • .■ ' i", V- v'"' 

^ . • '■ . . ■ . s ■ • • ■ 

Page 5 , problem plZ .... . ^ 



;7 




+ 


A 


=/ 36 " 


^ p-^- 


< 


□ 




□ 


+ A + 






□ 


+ 

t 


0 


t 0 -+ 


□ + A = •' 139 






— ?r- 










If this is discussed, the participants shoJuld be urged to give their methods 
One approach follows, . . > . ^ • * 

Look at the second and third equations. * If the third equation is rewjritt^n 
as □ + □ + A + 0 + .0 = 139. , then the first four frames exactiy 
match the frc^mes bX the :second equation: ' , ^ . 'r\ 

\ □ + A + .<>,> .= 96 . . . _ ► . . 

^■^ n '+ D, + A o.:;+,..-0. = 139 . , . ' 

Thus, the first' four framo^ of the third equation cah be replaced by/ 9^ • 
We have 96 + 0, = 1.39 , >ot /-O = 43 . Can you use similar reaeonijtig 



to determine numbers for box and wedee? .(Hint: Use the first and secohd 
eqviation and the fact that 0 = 43 .) < 
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. Book 17 

For the problems on pages 14 through 18<^rflometimes helps to look . 
at the pattert of the numbers. For example, in th* problem on page 1 5 , the C. 
poipts^ven are (0,0) and ( 5 , 2 ) . If we look'at the first nuriiber in each ^ 
pair we see a difference of f>\ the second numbers have a difference* of 2. 
Since the line is a straight line (a'll l|nes referred to in this lessbp are strai^^t 
V liAes), the difference mUst remain in the sanfte ratio. (Why?) Th^ can be ,^ 



suminod up by using a table. 



first 


second 


numbe r ' 


number 


' 0 


.0 


5 

4 


2 


.10 


4 


15 


■ 6 







What happens if we waAt to know the coordinates of a. point *on the line * " 
when the first number is hot a multiple p'f 5^^ If the first number increas4* 
(or (decreases) by 5> thiten the second number inci^eases (or decreases) by/ 
How much will the .se^sond number increase if the first number increases by 1 ? 
By V . . 

^ In problem <rL2 orl page 19 the number line's are not nurnilTered. Most 
participants will probably count each mark as one space, Sorne participants 
tTrtay use a different s(2^1e ahd therefbre might have-a different number pair* It 
may be worth discussing what happens if the lines are numbered other than by 
ones-i , ^ 



ERIC 



Note to moderator ; 

^ ^ The problems on pages 14 through 18 are an attempt to give the partici- 
pants an intuitive id^a of slppe. The slope of a line is defined as the ratio of 
how far up (or Sfpwn^'you move to how 1^1 r right'(pr left) you move when you go 
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• fyom one point'^o another point on the same line. It turns ojit.that £he points | 
you choose to fhul the slope of a lintj will not naake any difference: If you pij^tc 



some 



two points and pomeqne else picks two different points on the sam^ line, 'then 
both of you will arrive at the aamip slope. 

If you mo^e down, that is .considered a^egatiye directioni and if you 
left, that is also a negative direction. . This means that some lines wi^ll have a 

positive slope and others will haye'^a negative slope. Lines .parallel to the first 

' ■ '''^ • 

number line have a slope of z^o. The slope of a line parallel to the second 

V I i 

number line is undefined. becauge divisioA by zero is ir\voJ.ved, and division by 



zero is. vmdef ined , 



1 



Here is an example of how one can find the slope of^a line. We want to 



find thi^ slope of the line that passes through the points ('3 , 2 ) and ^{ 12,-1 ) 
To get from (12,-1) to (3 , 2.) we must go -1 units' up and "9 unita^left. 



Thvis the' slope is "r** or 

""7 



hi' 
3" ' 



Second 
Number 



- 10 



(3,2) 



3 vmlts up I 



% ' 

9 units left 




First 



15 Number 



o«2 

EWC 



. What is the slope of the>line that passes through ( 4,3 ). *and .( 1^,5 )? 

You niay Want to*draw some lines on a graph board and ^ye the partici- ' 
pants find the'slope of the lines you have drawn. ^ , 

Many geometrical theorems citn be proven byViing the idea of silfope and**" 
some algebk. The branch of rpithematlcis' in which ifteorems are proven by 



this method ls called ianalytic jreorrtetry. • . 



(The elope of the line thit passes through (4,3) an#' ( 12 , 6 ) is r . 
■ \ ' • ^ ^ ' L± 



) 



— f — ^ 

Film DiiScuBsion Notoe /■ 
"Graphing Aba^lute Value Equations;" 



Book 17 



Preliminary informatlQn: „ • 

This is a, second grade cla,s8 frOm the James Russell Lowell School in. / 
Waterto.wn,. Massachusetts. The teacher is Mrs. Marie Hermann, The 
class had worked with Prqject teachers since the beginning of first grade. ' 
The.atudenty had done aon\e graphing of equations and had worked with^ abso- 
lut<S value. [Film running time;\33 min.] 



I 



Not^: You should have a, graph board available for the discusaion. You may 
want also to have graph paper for the participantBi Participants should refer 
to Book 6 to refresh their memories concerning absolute value. 

. Discuijaion after tKe film: ( . V 

In.the film the students graphed I □ + A ±: 5 and found that it 

♦ 

for mod an' upside-down V . * The students then moved the up«ide-down ly . 
vertically, and they also flipped it over. There are two other ways to move 
the figure that would he worth discussing. 

Can you rotate the upside-dowii V so that it looks like this. ( < ) or Jfike^ 
this ( > \y Participants will pr.obably not* have much trouble predi^^ing (he 
answer to this question. Placing the absolute value bar| around th\ 
will rotate the picture. The graph of P + | A | = 5 ' will look lik^, > . 
The graph of 11 - | A | ^ 5 will look like < . -j 

^ Can you move the upside dojwn V left or right? This is a. harder question 
and various suggestions should ^b^ tried. The equation 



□ - 3 



+ A 



- 5 



•^ill rnove the graph 3 units right. To move left 3 units, ^dd 3 rather than 
subtract 3 . - ' . 

Here are other equations th^it your group may profit from graphing. 



I 2 X □ *| 



+ A 



+ 2 X A 



6 
6 



2 xp 



n 



Al 



- 5 



□ 

n 



+ A 



|i4- 



= A 



5 



♦ 
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' EiVhtoenth Session f 
Written Lesson Discussion No^Jaj 



Some questicfns £or discusaion: 
\ .Paye 3, problem t^6 (c) 



\ 



No computing. Starting at ( 6 , -.3 ), do you think 
you could. land at ( 3,089 , 187 )? ' Comment; 



It's impiasible to get from -3 )/;'i,i'iShy p.^^^^ coordinates are 

., both even or both odd because rules a, l^V • c./f^'A^^^^^^^ 
/ (evenness or oddness) of either both coordifaatei pr els^ neither coordinate. 

But is it possible to get from ( 6 , -3 ) to every .^Her^ point with whole-number 
coordinates? Try to get from (6,-3 ) | t o ( 8', -3 )■ Wh^^is a convincing 
argument that you can (or cannot) get from (6,-3) to ( 3,429,817 , -4, 2^16 ), 
tor example? (Hint: In answering the-se questions there is no neecf to consider 
• rule d at all.)- . . * 



Page 5 , problem 1 



•Start at ( 10 , 4 ) and make a jump with rule A *, anothefr 
jtfmp with rule A , a jump with rule B , ajid a jump with 
rule C. Plot the landing points below, connect successive 
points with straight lines, and find the area of the resulting 
figure. ' ■ ■ ^ \ ■ \ 



Is making a jump with rule A , followed by another jump with rule A- , 
/tollowed by a jump with rule B , and then followed by a jump with rule C the 

same as making a single jump with the composite rule AABC ? (No. The 
^intermediate landing points, not just the final landing point, are crucial to this 

problem; the composite rule is ( Q,A ) ■ " ■ > ( A ) , which doesn' t go 

anywhere.) 
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Page 7^ problem 21 



Book 18 

w 



Q 



Qive a starting point within or on the edge of the shaded 

/disc shown below so that eventually successive jumps 
will take you to ( -8 , -8 ) . f 




( a ) Could you glet to ( -8 , -8 ) if you we 
* ' ♦I 1 





ot allowed to s,tart qri the . ' 
boiyicjary of a region? (Yes. Start on ( ) , i^example .) ... 

(b) Could you get to (|-8 , -8 ) if you hadto start above t|ie.. fir st number 
line and inside the circle? (Yes. Start on ( ~ » ). for example.)' " 

( c ) Could you get to ( -8 , -8 ) if you had to start abov^.the first number . 

I ■. • . 

line and also to the right of the -second number line? (No. Both numbers would 
V. positive and the rule would keep taking you to points where both coordinates 
e positive.) 

(dJ: What are afl the starting points that satisfy the conditions of the 

problem? (All points inside or on the circle and which have coordinates whose ' 

^ ■ 1 ■ ^ " 

sum is -1 or the opposite of some power of - 



stated efficiently, all points ( n,A ) such that 
' . □ + A = 



u 11 1 

such as ""2' '"4» "*g ' f tc» ; 



^ 2 ' 



for some integer n 



and where 



1 ) 



i 



■ . I 



• 1 5 o 
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I Pa-gft 8 , problem 3 
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Continue w-ith the rule : (p,A) -f^. ' ( □ + A , □ + A ) 
^ " Give all standstill points: ^ 

, V , 

If you pia^ around with the rule, it is pretty easy to find that ( 0 , 0 ) is a 
standstill point. 'If you experiment further \o\X may fei^l sure that (0,0) is the 
only standstill poinj;. Now givQ a proof! ({iow/rigoro^ and detailed should guch 
a proof be ? ) ' . ' i 



SAMPLE PROOF . . 

First note that a point ( □ , A ) and a point, '( 0 , O ) turn out to' be exactly 
the. same point when the two first numbers are the same, □ = <^ ,. and tYj^ two 
socon^ numbers are the same, A = O • Furthermore, the pbints are jthe same 

only when □ - 0 and A •= O * * i ' ^ ' ' ' 

■ ] - % 

. ' . Let's try starting points other than (0,0 ) as possible ptandstill points. 

I. One way a poinf ( 1^ A ) can be different from (0,0) is for the first num- 
ber CI to be different frSi the first number 0 .«^>lf □ is not 0 , then we can show 
that the landing point ( □ + A □ + A ) , as given by the rule, is different from . 
the starting point ( Q,^) . We cai^ show that ( □ + A , □ + A ) . is different 
from ( p , A ) by comparing the tvyo second numbers, □ + A ^nd A , Since we 
art* as^suming that □ does not equal 0 , we know that adding' □ to A will change 
the A to □ + A , which is different from just A .. , , 

So we have shown that if the first number □ of a starting point ( □ , A ) is 
different from 0 , the lart&>ng point ( □ + A , □ + A ) is different from the 
starting point; for this case, whe>e' □ # 0 , we ipannot have a standstill point. 

II. Another way a point ( □, A ) can be different from (0,0) is for the second 
.number, A, to be different from 0. I£ A is not 0, then we can show that the 
landing point, ( LI + AA □ + A ) , %s\Biven by the >^ule, is differen|'from the 
starting point (□, a/. We show this W eompar,in!g the two first numbers, » 

□ + A and □ . Addfrt^ut-rttrtftl5^45,Ay»^hich i« not 0 to a number □ will ms^ke 
jp + A come out diXfi^rent from just plain □ . / ) 

■ '•" ' :,'\ 157 ■ ■ ' . 




V ' • 

^ So no^M we hav« Thdwrl that if the second number A of^ 
( r:l , A ) isKiiffe rent- from 0 , the landing point ( □ ■ + A , A ) is dil&f^rent 
from the Btarting point; for t^:) is case, wher| A 0 , we cannot have a rfland- 
atill point. 

Hij^ Combining the results of I and II , >ye have that if either □ or A is not 
^ . , 0 / then the starting point { □ , A ) i^ not a standstill point. So the only way to 

. have • ( 1.1, A ) be a standstill point is for □ to be 0 and also for A to be 0, . I 
We have pr^^d that (0.0) is |he only standstill point for t^e rule '. ' 

(U,A) > (, n , □ + A) . There is certainly no point in going into ' 

such details with^ elementary school child. But you might find an occasional 
chiid who would aay something like, "Well, unless both starting numbers are 
zero, then when you add them the way the rule says you'll get a different k^o 
numbers from the ones you started with, becJluse adding them changes the num- '• 
bers," Such a chilci understands the' essence of the argument 

❖ -if * . 

A moderator may want to bring up some or all of ihe points in either or * 

♦ ^ .. ■ ■ ^ ...'.( 

both of the next two paragraphs, - ,w 

A jumping rule-ns called one-to-one if no landing point pomes' frorjn, more 
than 6ne starting point. .The jumping rule on page' 6, • . t' 



( a,/^.) ''-^ ( □ - A , □ - A ) , 



- v.- . . 

\t not a one-to-one jumping rule since both (8,6) ( 2 , 2 ) and ( IOC, 98 ) 

^ ( 2,2 ) , Jumpingirule A on page 5, . / 



/ 



(□,A) — ^ (□'+3,A-4), _ • 

a,ojie-to-one jumping rule: each landing point conies, from the starting point • 
3 spaces to the left and 4 8pa.ce« ljigh4r, antlyfrom no other starling 'point. 
Which of the other rules in the less6n are one-tb~oAe? (All the rt^es on pages 
1 through 5 ; the rule ( □ , A ) — > ( □ + 2 X A , A ) oit page 10 ; the ruleS 
^ which participants will probably write on pages 11 and 12 .) ■ \ 
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Some of thifc rules in the lesson have inversfes and others do not* Recall 
that the inverse of a rule is a rule that sends each landing point back to its 



i 



starting point. For exanapl?^ tne inver>« of ( □ , A ) • ( □ + 3 , A - 4 ) 

... '' ^ 

is the rvile . ( □, , A ) > ( □ - 3 , A + 4 ) . The composite of these two 

rules is • ( □ , A ) — » (P,A).- The rule ( □ ,.A ) — i'. ( □' - A , '□ - A ) 

does riot have an^^verse, for the inverse would have to send (2,2) both to 

(8,6) and also to ( lOO , ^ ) , and to infinitely many pther points as \vell. A- 

jumping rule cannot dp this ! Which rules in the lesson have inverses and which 

do not?' (The rules which have inverses are exactly, the ones which are one-rto- 

one. The inverse of ( □ , A ) ^ ( □ + 2 X^^A , A ) is the rule 

( □ , A ) — > (; " 2 .X A , A ) , which may come as a surprise •)> 



Film DiscusaionMotee 



"a,iijmping Rules in ^he Plane, Part I' 



Book 18 



A large graph board should be on hand for discussion of this and the 



tvvo subsequent films.- 
Preliminary information: 



The class you are about to see is^ a sixth grade group from the James 
Russell Lowelf School in Watertown, Massac>iu8etts. The teacher is 
•Lee Oaburn. ,Some students had worked with Project materials in fourtl/ ^ 
or fifth grade. This class' had worked with various Project topics for 
about eight weeks prior to filming. The pupils were already familiar with 
jumping rules on a line, plotting points in the plane, and graphing, equations 
in the plane ^/ they Had not worked with jumping rules in the plane. The ' 
film was made in the spriaig of the ^r. [ Fijm running time; 25 min. ] 

1. Near the end of this film, the students were predicting that the area 
of the givQ*r square would not change with the- rule ( □ , A ) ' • V ^-^J^ x 3 

since multiplying by 3 would just move the square tht6e times as much. Their 

* / .„■■■■ 
arguments are convincing, but incorrect. MJhy? " 

2. Institute partic^^pants^have come up v^ith various questions, which can 
be asked about how to move figures |n the plane and how their areas change. " 
Do encourage your participants to formulate problems for themselves and 
their classes, and perhaps to begin to solve them during discussions. Sample 
questions from participants follow. All questions refer to the original square 
as given in the film. 



A) 




CM) C4,$) 

(1,51 (4.31) 



T 



ID 



160 



115 
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2. (cont. ) 




I 



a\ ' Write, a rule which makes the area, 9 tim«8 biggoirr, and keeps the 

;figlire\a* flt^uar^. . , ^ .■' /, • 



a 



b. W^xte a rule which makes trhe area 25 tiraes bigger, andxStiU 
yields a equare- ; . ^ ■ 

c. Wr.ite a rule .so that* the resulting figure is a square* whose area 
is "9 square units^. i ^ ! 



1 



d> WritB a rule which makes the resulting figure a rectangle which is 
as b^ig (one square unit ihstead of 4 square units), and ia situated inaicje 



the original square, 



^. Consider using "-a number plane jumping rxjjle on a figure otheir than a 



square:- for exampjlei the'foUowing 'trapezoid. 



/ 



r 





(0,0) 




a. Using Ihe rul6 ( □ , A ) 



(□ T 2 , A T 2 ) predict what 



the resulting figure will look like* Put sopie of the points through the 
rule and check your predictions. 



4* 



16 i 



} 



^^.few- v^prediict the shape and area when you jput the points pf lhe giv^il 
trapezoid through this rule: (p. , A ) — ^ (P.xX 3 rV^y X A) • 
Check your predictions. > ' ^ V. \ 

c. Write a rule that will qhange the original trapezoid toSa figure 
I . ^at is taller and narrower than it is no;w, ^ ^' 

See the following page for^possible answers to sc/me of these questions. 
If there ia any doubt about a rule which someone iti your group proposes, you 
I should, of course,- check out some ^f the points to convince, yourselves 'Of 
what is happening, . / , ! ^ 
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Sample AQBwere and Hbitg 



2a. The rule- ( □ i A ) 



( 3 xn , 3 x4 ) will fit the requirements, 




So will th^8 one» whicji places the resulting sqxi^re in the third quadrant^; 



□ ,A ) 



• 2c. 



( -^3 X0 \ -3 X A ) 




• Since. you wafift the area to increase frond 4 square units to J? square 

\ 1 ■ I ■ 
units, 'you\heed to make the area of the figure\2;;j time^ bigger. But you also 

need tfo stretch the ^ides uniforpcjly to ^eep the fWire a square. .The rilles 

(□,A) ( l| X □ , li X A ) and ( D,^)^^ 

will both work. . ^ 



2d. One method of attack is to shrink: the area by dividing the b<^ or the 

'■ • ■ . '^v ■• ■ ■ 

wedge part of tHe rule by 4 . Then' add or subtract to move the rectangle inside 
# i ■ ■ ;■ * 

the original square, - ^ 

3c; To make the^ trapezoid riar rower / one needs to shrink it horizontally 
by dividing the box component ry som^ number bigger than 1 (which, of course, 
is the same as multiplying by a number between 0 and 1 ). To make the trape- 
zoid taller, one must multiply ^he wedge component l?y some number bigger 
than 1 . One such rule is ( □ , A ) > {(d ^ 7 , A 

Of course, many other rules do^'v^hat-^the^proj^lep^/l^equires 
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Ninete^th Session ^ 
Written Lesson Discussion NoWs 



T 



B'ook 19 
. ■ . * . 



Th^ moderator should\ead these notes t^le/fore tKe discussion begin^, if ^ 
he plans to use them. A. large gifaph board (oi'/graph paper and kn overbad- 
projectbr) should be available. Do not attempt to ''covfer" all the suggestions 
[Som^hints and answers appear in brackets.] ' > 

• . ■ ' • 

- Section I of the written les son sh'ows just a few of the many vaiftants of 
the first rule. (. □ /A ) —>\d'+ 1,1.0 A ). Participants should bd^ 



encouraged to fijid others. 

4 4k 

(a) 



How can you change the tule gp that the farther you are to the righf*the 
farther the jump goes to\the right? • . • 

[You don't walit to add a constant amount to the first component. Trv 
( D.A ) — ^ ( QXZ , 10 - A,).] ^ 

Start at ( 2 , 9 ) and draw several consecutive jumps. What happens if 
you start at ( -2 , 9 ),? Where are the standstill points? [There is Wy 
one,] Is this rule an isometry? [No.] 

(b) How ran you change the rule so that successive jumps closer and • • 



9 
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tloser.to the second (vertical) number l|ne? 
[Try.(D,A) ~» ( □ X f , 10 - A /] 

Again make several consecutiv^e jumps from (2,9 ) and from ( -2 , 9 ) >v 
Standstill points^ (There is only one.] Is this rule^n isom^etry? - ' ' 



( c ) ^ow can you further modify the rule ( □ , A'j)., — ^ i ( ^^Q , 10 ^A ) 
so. that the verti^Al^distance of each sitccessive jump gel^shorter and 
\^^Jaorter and so that the landing; points get close^ and cl^e'r to ( 0 , 5 )? ' 
A good guess would be ( □,A ) ' -— > (|xn /ix Stlrt at 

( 20, 10 ) and make foui^ or five consecutive jumps.' Surprisingly enough, 
successive landing points are. not approaching ( 0,5). What is the 
sta|id8till.pj)int oi ( □,A) — > ( ixD V |x (10 - A)),? Rfepiace the ' 
\ 10 by some other number so that|the standstill point js ( 0 , 5 )'. Now 
make four or five consecutive jumps starting at '( 20 , 10 ) ^ What point 
do ytu seem to be approaching? - What happens If you start at^ -20 , 10 )? 
What happens if you' start at .( 0 ", 1 Or' " ' 




i 
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(dj " Another v,ari^.ti9n'; on. ( □ , A ) , ( ixd,, 10 - A) is the rule 

. • * . • • ( □ f A ) • — ( -i HP ,^.0 A ) . try to predidt what will happen if 
•■ ^ you start at ( 2(>,, IP ) ana friake sev.eral consecutive •jurnps . ' If you ^ 
Vdravi' thy 'arroy/s/a.fl' straight as you can 
aeoting arrows emerges^ which wi'il enable you. to dravi/ as many j^umps^ 
t ' a3 you want' without doing any computatipn.^ , " • ■ x» 

(e) Now use. "the rule ( □ A )— » ( -i XD , ^ X ( 10 - A ) ) . Againtr/to 
predict what will happen if you start at ( 20^10 ) and make several con- 
» - de-gutive jumps. Draw the arrows as straight as you can. What is 
• .happening? . ' " : ^ » • ' 

'■ :(f ) . If we changti our original rule , (^D , A ) ( □ + 1 ., 10 - A\)..., by 

replacing 'the first component by its opposite-,- we get the' rule • 
. ( i:) , A ) — > ( - (□ +' r) , 10 - A ) . start at ( 2r,9 ) and make 

several consecutive jumps. Start at ( 2,8), or at ( 3,9,), or anywhei^" 
. else and make consecutive jujnaps . How could you tell that the rule ^ 
( n , A ) — > ( - ( □ + 1 ) , 10 A ) is an isbmetry, before making 
i any jumps? ■•, < 

[The rule is the composite of '( □ , A ). > ( □ 1' , A ) followed by . 

( □ , A ) , ( □ , iO - A ) followed by ( □ , A ) — > ( - p , A ) , 

Each of these rules is an isometry; so the composite is^^I^o.] 

What kind -of isometry is it? What^are the standstill points? 
I 

( g_) *How, can the Original rule be cfianged so that, the zig-zag pattern of con- 
■ yecutive jumps will look like .this: 

(4.4) 

(6,3), 

( 4,2 ) <^ Fig. 1 



or like this; 



( 4,0 ) 




( 6 , 1 ) 



1 ' 




Fig. 2 



(g) tcpntinued) ' ' Book 19 

. [F.0II0W. a translation w4th a reflection whose axis of symmetry points in 
•, 'the same dirtiction a^ the direction of the translation. To get the jumps 
* ofFiguWl. first use the translation (f.A) — > ' ( □ , A + 1 ) , which • 
moves py^ts straight up. The reflection '( □ ,.A ) — > ( 10 - □ , A ) 
flips thtjjjlane around the vertical line five spaces to the right of ( 0 ,0 ) . 
The composite of these rules, ( D.A ) — > ( 10 ~ □ , A + 1 ) , gives 
the jumps of Figure 1 . Participants may suggest a rule like 
( M. A) > ( 10 - □ , A + 1 ) because of its similarity to the rule 

( I I . A ) > { It + 1 , IC - A ) To -get the jumps shown in Figure 2 , ^ 

wetneed a trans lation which moves points diagonally, together with a re- 
flection about a diagonal lintK The composite of . , 
^ ( ri , A ) ( a + 1 . A + 1 ) and ( □ . A ) —> ( A , □ ) will do it.] . 

<S ■ • ■ ' - ■ . . - ; - . --l — — • 

* It would be worthwhile for the moderator to compare isoroetries in the 
plane with isometries on the line., wher^ the situation is similar but simpler. 
Just as in the plane, an isometry on the,line is a jumping rule which preserves 
distances, although npw, of course, we are talking about number line jumping 
rules . • . 

Rule^Uke 11 > 0 + 3 and □* — > □ - 4 kre translations . No 

translation exk^pt □ — > □ has any fixed points . ( All points on the line are 
iixe.d pomts for □ — 7» □ .) Just as in the plane, the composite of two trans- 
lations iy alsb- a translation. ^ 

'The only other isometries of the line are the refleqtioi^' around a point, . . . 
rules like □ 10 - 'O and □ — » -8 - □ and □ — > ' - □ . 

(Sometimes these rules are called "fli|3'^flop" rules.) ^ach reflection has a 
single standstill point; for the three examples above they a:\e 5,-4, and 0 , 
respectively. A reflection can just as well be thought of as' b, half turn. 

The composite of two reflections is not a reflection. Consider the^tv^ 
reflections \ • - , * 



' and □ 4 - n 
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The composite ab i^ □ 4 - ( 12 - □ ) , or □ □ - 8 , which 

i» a translation and not a Reflection. The <?ompo8ite ba Is □ > > □ + 8, 
another translation, bub diffey/ent fTjom ab , . 



Another way of 'fihi)wing W line dd 19 by using a long, 

' 'rlgjd stick, UHe^a ^acditic^^^^^^^ A number lihe should be., 

uiarked^un- thiL^^rX^t^^ number line drawn on %e. blackboard. 

TrAnahitiohaTsf^r^' ilU^;Btrtitej:l 'jsinipily by sliding the atick,|o. the right or the left; J 

refl#cmma are shuy^njby giving ,fefie Sft'ick st half turn while kedpingUhe, standstill 

i J - . • \ ■? ^; ■ ■ • ■ ' ' 

(H>inl fixed. X-^Starling/i-humbers',;^ on the stick and landing numbers on the ^; 
yi)lactcbbitV^'vV The drawings lieipw and pn the next page yadicate'ho\l the reflection 
n ^-^^^-i) ^*^\[:r'^^ □ l.O - n'^wouia be done. 

' Since the starting points jot 4:he. second rple ^^re the landing point? for 

: ruieV^" wtv plvot-atou^ 5 on the number line when using the s.econ^l rule. ^ 



1 



0 1 



3 4 5, 



i 3^4 5 6 7 9 10 



^ — I — I — r . I I 

5 6 7 8 9. 10 




0 



6 -. □ 



H 1 H*^ 



Z 3.' 4 5 6 ,7, 8* 9 IQ Hi 



Standstill point is 3 , 



(Diagram continu'ecl on next page.) 



Plagium continuod fro ngi page \A6i 
— — ^— — . ■ . ■ 



Book. 19 



( 




-H 1 h— I 1 \ 

-2-10 1 Z 3 



—f — I I I 1 i 

-2-10 12 3 



i It 5 6 7 8 9 10 



□ 10 - □ 

" Standstill point is 5 
I 



\ ■ I 



Advantages of the stick method: 



Composite^ rule: ,j 



D + 4 



1. It shows imnriediately why th| composite of an oddf number of 
reflections is a reflection and why the composite of an even 
number of reflections is a translation: just count the number 
of times the stick gets pipped. . 

2. ' It encburages participants tb consider what i*ometrl^ do to the 
' I entirj line t not iust. to individual poirtta on the lina. I ^ 



/ 



;.It'» somewhat harder meghanically to" the same sort of thing with flie e^ire' 
plaii*. but tertalnlV sniall figures cvit out of cardboard can be trans iktedu ro- 



tated or 



ar Reflected agairfst a g^aph 



ph bonfd background. 



4- 



ERIC 4 



6 



led 



, 147 



A 



Book 19 



Film biscuBsiotk Notes 
"Jumping Rule* in the Plan^, Part H" 

J — . ■ ' ... - V ■ ' — ' — ""^ 



X 



A latg© graph bpard 6houlds.be on hand for diacuseion of this film. 



Preliminary information: 



This is the second part of .the same class which was seen last/serssion. 
The students are ^ixth graders from the James Russell Lowell School in 
Watertown, "Massachusetts'. The teacher* is Lee Osburn. 
[ Filrn running time: 26imin»]' - 



Discussion after the film: 



1 



Participant; A: 
Pcirticipant B: 



I don^t imder stand how to get the answer to the 
question in the film. ' ^ ' ^ ^ 



last 



I think I can help. You want to use the rule on the boaord: 



(□ , A) 



r 



"> (2 X □ , f X A) 



Participant A: 



Draw a rectangle sbitieplace on tl^e graph and put its points 
through the rule. You want the resulting figure ^lo be a 
square. ^ • ^ . ' 

Will a rectangle that is 1 by 4 do it? 



Participant C: . 1 figure that the 2 times box in the rule will'stretch it out 

".. ' * 1 s 

to be 2 units wid6, and the -r times wedge would shrink 

V the 4 unTta to 2 units.* The square you get will be 2 units 
» by. 2 units. 

'I 

Moderator: m PQrh£^ps a'4 by 1 rectangle would do it'to9. 



Mi 



r~7n 



Does it? 



l%rticipant D: 



N6, that rectangle won't. The i^esulting figure wifl just be a 
narrower rectangle, prdbably shaped like this: i .,- • 
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If you want to use this figure 
hAve to change the rule to ( □ , A ) 



and get a square/ 
( I X □ , 2 X A ) . 



■ / 



Participant 

Moderator: 
Participant C: 



Doealit matter where on the jg^ftph "y^u put that rectangle? 
Can- ylou'put it any place you want, as long, as it is 1 unit' 
by 4 unit8? . • . , ^ ; " * ^ 

Yes, you can* ' 
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lAhink that a rectangle thi^t is 2 units by 
Become a square* 



8 units will also 



Participant K: Probably any rectangle whose sides have a ratio of 1 to 4 

' n ■ 

*ancl which is placed this way rather than thi^ way I ' '| 

' ' ^ 1 

will be all right. Even - by Z will work, . . •* 
Yes, you are correct. 



Moderator: 



(Not^ to modcsratorj^^t this point, other questions caA be asked. Draw a 
rectangle so that afteri you use the given rule twice you get a square; Suppose 
you had a;, rectangle whose sides were in the ratio pf, 1 to 64. How rnany times 

would you have to apply the given rule (□ , A ) 



1 



rr->. {2 X.O , I X A) 



so that you would get a square? Same problem with a rectangle whoSe 
aides are-in the ratio of 1 to 3Z. ) 

■ ■ ■ 

Participant G: . By 4:he way, were those rules we saw as the teacher talked 

around the class really written by the students? j 



Moderator: 



Yes, they yere copied precisely from the. students • notebboks, 

■ • - • ■ . . ^ • ■* 

* * ^ 



Moderator: 



Do you recall the problem of writing a rulfe that made the area 
of the given square 15 times bigger and put the figure iri the 
third section of the plane ? ^ • 




Secdnd 
Number 
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Moderator: 



i 



Participtint H: 

Moderatdl'r: 
Participant H: 



The clasift wrote one rule which satisfied the conditions** 

. .■ ' ■■ • . . •" ' . 
Itwas:. (U , A) -» — X , -A). 

But*th^re at* other rul^ which will do it, too* SDopn 
anyo^je have an idttt of what such a rule might be? - ; 

I think that you have'to make the figure 15 tirn^s bigger 
by multiplying, and then move it downAnd to,tlie left by 
subtracting. / 

What would your rule look like? .v' 



( . A ) 



-> ( 3 X □ , 5 X A ) would make the area 



150j 
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15 timep bigger. Thei figure would lopk like; this: 



Second 
Number 




J 



o 

Participant H: 



'"'■1 , 
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Theri I would move it left by subtracting at least '12 from 
tl>e^ fix'at component, and I \yould'nrfed to m6ve it down^by 
subtracting at. least 25 from the s'econd^ompon^nt. So 
if' I made the rule 



{□ . A) 



(3 X. □ - 12 , 15 X A 



the new figure would look like this: 



I 



25) 
4 




Second 
Numbter 




Ml;- 



I 



1 



51 



1}^ 



Li 



i 



La 



4- 



It 



J Li! 



1 



First 



_ Number 




7'<# 



' • i ■ * 

• v:.i-"V 



' Psir.t^ciplailit. i: , , You can^mov^j fh6 fig^^ by subtracting, and then 

j , ; , I you cpitli^ rnulUply to g^^^^ 15 times bigg'er. 

> m - 4 u^^Av-. ,5 ) will move it down 



( P I A ) 
like this: 
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P^ticipiant A: 



I 



And multiplying will make the asea 15 times bigger: 

Second 

Number ' i 
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s 



-5 



5 • 



-5 ' 



Ha- 



r 



(1 



La 



15 



First 
• Number 



Note to moderator: Sincp there are many rules which will fulfill the con- ' 
dition6 of this problem, here ai:^. some general guidelines for what to look 

for in the rules proposed in the disdussion. 

^9 . . ■ ■ * • 

If the -ru^e is of the form t □ ;'A ) — ( a X □ + b , ■ c X □ + d ) , 
where a b , c and d are numbers, | aXc | muij| be 15 , and b and d 
must be chosen so as to slide the rectangle, into the third quadrant. 

But .oth^r kinds of rules will work too. For example: 



( a, A') 



( 3 X □ + A - 18 , 5 X A 



26 ) 



'makes the square into-the parallelogram shown on the next page. The area of 
this figure" is 60 square units. * ' - \ 



V feook f9 . ^ 



15 



Second 
Number 




-la-- 



y First 
5 Number 



There is even a rule which will take the square into this figure. 




First 
Number 



If •omeone proposes a rule whoy eff^t is not immediately evident, it is 
worthwhile to check at least the corner points of thi oriainal square .to see 
how the proposed rule afjpcts its areaSwjd location. f ' ^ 



154 

ERIC 



Film Discussion Kotes 
"Rotations lih the Plane" 
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Preliminary information: / 
— ' - ■- " '^ — — - — '■ "/ '■ . . 

You will sle a fifth grade class from the Seldon L» Brown School in . 
Wellesley, Massachusetts. The students were familiar wit'h some rrjaferials 
from this Project. Xh^ir regular classroom teagher w-as attendii 
institute, and she had^the class do .many of the written less/ 
those on number plane ruJtfes). 'The teacher is David A, Pagft^ 
[F^ilm' running time: 37 min.] 




Possible discug^sion topics 
/ The rule ,( □ , A ) — ^ 



( 



2 + A 



□ + A 



2 I I 2 ) has only one 

standstjjU point: ( 1,1), What ig a convincing argumenrt^at there are no other 
staridatill points for this rule? (Hint;/ It might help to think about finding stand- 
still points for number liney jumping rules* The graphs on the second page of 
Book 20 may providje a geometric argument*) 



ic 



'When the class was asked, '*Do you think we 6ould ever hit the standstill 
point? ^' they did not agree 0n aA answer, Jorie said, thought we woxxld land 
about the |tandstill point* What might she have had in mind? If participants 
seem in doubt abqut-the answer to this question, %ere is a notion which may be 
wo^j)^ qonsidering: if one could hit the standstill point in some ttjimber of 
jumps, where would one have landed just before that? 



Before attempting fo answer the questions near the end of the film, it may 
be worthwhile fof the group tp play around With other number plane jumping rules. 
Somt rules are listed on the next pagej/.For any particu^lar rule, choose a start- " 



ing point and make at least ten consecutive ^umps* \ ... 

. Be on theUookout for. standstill, points |nd the relative lengths of jumps. 
For which rules do you Jiit a point that youV^ hit befor^? 
How many jumps does It take to get back to your starting point? 



( 



Which |ule6 never tafll? you to a point you've Already touched? 



For some rules, it's easy to tell fexactly where you woidd be if yoirtpok 
one hundred jumps from some point. For other rules; -try to predict 
generally where on the plane you would land after one hundred jumps., 

^ For any.given rule, . are there points from whj^ch it^ illegal to start? 

Are thePe some points onp can never reach? 



ft 

These questious cannot all be answered rapidly^ a considerable amourft. of time 
and thought \y ill probably be necessary in order to find out what^a given%:ule 

ikil 



cjoes. But par|i<;^.ipants should now have sufficient skills to begin to think about 



j;hese que^^tio 



Her^ 




to make jumpj^ and to Venture predictions 
ome number plane jumping rules: 



( n.A) 
( n.A ) 
( □ .A ) 
( a .A.) 

( D^A ) 

( d/a ) 



I 

( □ - A , □•+ A ) 
, 6+a-A D+A 



( A - □ , -U) 



n 

A 



2 X □ ) 
□ - A D+A 



( 



2 + □ - A. 



□ + A. 



) 



It is this last rule, rule f , which meets the requirements posed at the end of ' 
the film. That is, this rule balances evenly between spiraling in and spiraling 
out; From wherever you start, you will^come back to the same stiirting point 
after eight jumps/ ' - * 

* ■ , V 1 ' ; • 

■ • / ■ 

If we make the denominators of rule f some numbers larger than the • 
^square root of 2 (for example, a denominator of 2 , as used the film) # we 

get a spiraling in tqward the standstill point. li^ we make the denominators 

' ■ ■ ■ ' ' • f '. : 

ppsitive but less than the square root of 2 (such as in rules a or e ab&ve), 

w^ get a spiraling away from the standstill ppint* • . ^ 

:. f - • ; — • • ^ ^ ' . , ' ■ ^. 

For an analysis of rules simpler than those considered hfere and in the (ilxX) 
see the supplementV ''M(|re Work With Number Pl^ne Rules'' Oook 19). 



Here is what happens when you use rule f 
. ■■ ' . , ( P,A ) ^'^ 



( 2 + □ - ^ □ +,A \ 
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and start at the point v ( 2,1 ) . 
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StarJ:: (2,1) 



3 VT 3 VT 



( - 



./■ • ■ 



2 - 



( VT , 3 ) 




2.1 + 



VT ); 



■-■■1 > 



Stindfftlll point; 



'if 



..•1' 



•vtv,- 
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The solid line shows what happens when you use thfe rule 



□ - A ■ ,. □ + A 



ahd.^tart at ( 1^ 4 j . ITho dott^qd line shoVs what happens when you staffljiat 



» , -it ■ 
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Sta . ^tr (1,4) .<0j,/2") (-i; 1) 



' (o', ~VT); --> (iC-i) 

; . ■■ ■■ • . 

t 

start; ( 2 , 1 K -> 



(VT,o) 



( -1,2) 



(1,1)' 



\ 




2) 



■/•; 



r 



•(2.1) ^' 
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StandrtiH point? . ( 





